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Abstract

The presentation will offer a general overview on what symmetry means in two (apparently)
different domains, QFT and nonlinear dynamics. Two fundamental type of symmetries, point-
like and gauge-type symmetries will be considered. General approaches using the classical
(Lie) or the non-classical (Bluman-Cole) symmetries will be used to investigate some nonlinear
mechanical models arising from Quantum contexts.
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1 Aim of the paper

The nonlinear differential equations can accept different classes of solutions and there is no clear
algorithm on how to obtain them.

Many approaches and solving methods have been proposed and hundreds of papers claim to
report new solutions for various nonlinear equation.

The main question: how the solutions of a given equation can be classified and how we can
decide whether a particular solution is really a new one?

Our claim: the independent classes of solutions correspond to the invariant solutions provided
by the optimal system of Lie algebras.

2 The integrability of the nonlinear dynamical systems

Sometimes it is difficult to find solutions and it is enough if one can decide on the integrability of
the system.

For autonomous Hamiltonian systems, the simplest meaning of integrability consists in the
existence of invariant quantities {C;} in involution:

dcC;
dt

= {H, Cl} = 0;{Ci,0j} =0

When the number of these invariants is equal to the number of degrees of freedom of the system,
the system is said to be integrable.

Methods that can be used to investigate the integrability of a system:

(1) the inverse scattering method

(73) the Lax method

(747) the Painleve approach

(tv) the Hirota’s bilinear method

(v) the Lie symmetry method - investigated in this presentation.



3 Symmetries and classes of invariant solutions for NPDEs

3.1 The classical symmetry method
The classical symmetry method (CSM). Let us consider a n-th order partial differential system:
Ay (w,u™[z]) = 0 (1)

with the independent variables z = {x%,i = 1,p} C RP, the dependent ones u = {u®*, o = 1,q} C R?
. and with u(™the set of the partial derivatives of u up to n-th order.

The Lie symmetries represent the set of all the infinitesimal transformations which keep invariant
the classes of solutions for the differential system (1). The invariance condition is:

XM[A] 1a—0=0 (2)

where the general infinitesimal symmetry operator has the form:

«
a=1 J ouj
with: the multi-indices J = (j1,...Jm),with 1 < jp, < p,1 <m < n, u§ = (,ng;;%, and
. p . p
(;Si(xlvu(n)) = DJ[¢O¢ - Z&Zuza] + Zgzugw o = 1) q (5)
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To the general symmetry generator (3) can be associated characteristic equations of the form:

Dy = D;Dj,..D;, =

dz! o dzP B du! B dud?

T @ T T Y
By integrating the characteristic system of ordinary differential equations (7), the invari-

ants I, r = 1, (p + ¢ — 1) of the analyzed system can be found and they become the set of similarity
variables is found.

(7)

3.2 Generalizations of the classical Lie symmetries

Several generalizations of the classical Lie symmetry method have been proposed:

- the non-classical symmetry method (NSM) (also referred to as the conditional method) of
Bluman and Cole,

- the direct method of Clarkson and Kruskal,

- the differential constraint approach of Olver and Rosenau,

- the generalized conditional symmetry.

The basic idea of NSM is that (2) should be augmented with the invariance surface condition:

0

ua
ot

p
Qa(x’u(l)) Egba(x,u)—zgi(:c,u) =0, a=1,q (8)
=1

The g—tuple Q = (Q', Q?,...Q%) is known as the characteristic of the symmetry operator (3).



3.3 The generalized conditional symmetries

The generalized conditional symmetries (GCS) or conditional Lie-Bicklund symmetries applies
when the equation (1) can be written as:

Ut = E(tax7u7ul‘7"'um$)7 (9)

The group of Lie symmetries is generated by an evolutionary vector field with 7 as its characteristic,
which admits the canonical form:

> 0
_ k
v=>"D : (10)

- V is a Lie-Bicklund symmetry of (9) if and only if V(u; — E) |, = 0,where L is the set of all
differential consequences of the equation.

- Visa GCS of (9) if and only if V(us—E) |pnm = 0, where M denotes the set of all differential
consequences for Din = 0,

- If  does not depend on t explicitly, the condition for existing GCS could be expressed in the
following terms:

d
W E | =0, n’Ezlirr(l)d—gn(u—i-eE), (11)

where "prime" denotes here the Fréchet derivative of n along the E direction.

3.4 The inverse symmetry problem (I)

The direct symmetry approach investigates the Lie algebra that can be attached to a given equation
and allows to obtain the associated invariants and to determine the classes of the invariant solutions
that can be accepted by that equation.

The inverse symmetry problem, proposed in [18], allows to find the largest class of evolutionary
equations which are equivalent from the point of view of their symmetries = more complicated
equationss which admit the same Lie symmetry group,

Let us formulate the problem for a 2D nonlinear system described by the following general
second order partial derivative equation:

w = Alz,y,t,u)ugy + B(z,y, t, w)uzuy + C(z,y,t, w)usy + D(x,y, t, u)ugy +
+E(z,y,t,u)uy + F(z,y,t,u)uy + G(z,y,t,u) (12)

The general expression of the Lie symmetry operator which leaves (12) invariant can be taken

as:

0 0 0 0
X(xayatau) - a +f(x73/7t7u)% + 77(%%@“)@ + ¢(x73/7t7u)% (13>

3.5 The inverse symmetry problem (II)
The invariance condition of the equation (12) is given by the relation:
0 = x@ [ug — Az, y, t, u)uzy — Bz, y,t, u)uguy — C(x,y,t, u)usy — D(z,y,t, u)ugy —
_E(x7y7ta u)uy - F(:C7y>ta u)uIE - G(.T,y,t,U)] (14)
The previous relation has the equivalent expression:
0 = —Awugy — Bruguy — Crugy — Diugy — Eyuy — Fyug — Gy — Ap&ugy — Bruguy —

—Cp€ugy, — Dw§u2y - Emguy — Fpéu, — G€ — Aynumy - Bynuwuy - Cynu2z - Dynu2y -
_Eynuy - Fynuac - Gyn - Au¢uwy - Bu¢uxuy — Cypug, — Du¢u2y - Eugbu;g — Fy,ou, —
~Gué + ¢ — AF"Y — C¢* — D¢ — B§"u, — F¢" — Bd¥u, — B¢ (15)

The functions ¢!, ¢%, ¢¥, >, $?Y, ™Y will be determined using the general formulas from Olver.



3.6 The inverse symmetry problem (IIT)

By extending the relations (?77), substituting them into the condition (15) and then equating with
zero the coefficient functions of various monomials in derivatives of u, the following system of 11
partial differential equations is obtained:

0=2~&u; 0=mny; Oanx_D¢2u; OZBgy_C¢2u;

= An, —nAy — Aup+ AE, — EA, + +2DE, + 20, — A,
= Anx+2Dny_nDy_€Dz_Du¢_Dt
0 = _A¢2u+B§x_B¢U+B77y—Bt_B:cf—Bu¢_By77

0 = =+ Fn, — B, + Eny, — By — Ex§ — Eyn — Eud
+A77my - A¢ru + Can + D772y - 2D¢yu

0 = —&— B¢, +F& +Ef, — F, — F,6 — Fyn— Fu
Agmy - A¢yu + C§2z + D§2y - 20¢IU

_A¢xy - C(Z)Qx - D¢2y

In the direct symmetry approach: one finds the coefficient functions &(z,y,t), n(x,y,t) and
o(x,y,t,u) of the Lie operator;

In the inverse symmetry problem: one considers A(zx,y,t,u), B(x,y,t,u), C(x,y,t,u), D(z,y,t,u),
E(x,y,t,u), F(x,y,t,u), G(x,y,t,u) as unknown variables.

4 Similarity solutions for the KGF equation

4.1 The KGF Equation

The equation we are going to study in this section is the Klein-Gordon-Fock (KGF) equation with
central symmetry:

Vot — Vo — %1)7« + 7%1) =0. (16)
In the previous equation b is a real parameter.
By changing the dependent variable, v(r,t) = u(r,t)/r, the following reduced form of Eq. (16)
is obtained:

b
U9t — Uy + ﬁu = 0. (17)

Eq. (17) belongs to the class of wave equations with time-independent potential:
ugt — ugr + V(r)u = 0. (18)

where u(t,r) € C?(R?, R') and the potential V(r) € C%(R!, RY).
In the case b =0, Eq. (17) becomes the d’Alembert equation.



4.2 The GCS method for the KGF Equation
The operator which generates the GCS group for (17) takes the form:

0 0 0 0 0
V=np— D,n) — Din) — Dorm) —— D — .. 19
Mg, n)aurﬂ m)aw+( 27))au2r+( 2m)au2t+ (19)
The invariance condition is: ;
77277 — Doyn+ Do | pam = 0. (20)

The Eq. (17) admits GCSs if and only if
Datn =0, (21)
The characteristic can be taken as:
nlr,u) = ug, — H(u)u? — P(r,u)u, — R(r,u). (22)

Taking into account the surface condition n = 0, we obtain H = 0, P(r,u) = P(r), R(r,u) =
Q(ryu+ M(r).

For P(r) = %, Q(r) = 7z.with k and m arbitrary constants, the remaining function M (r) must
verify the ordinary differential equation:

2k
r2

” b
M+M — S M=0. (23)
r

4.3 Invariant classes of KGF solutions

An exhaustive study on the invariant classes of KGF solutions was presented in [31]. We remind
here only one class obtained for the values of the parameters b # 0, b # m and 4b = (k —3)(k —1).
In this case: .

P@r) =2, Q) = -

9
r

k—1)(k+3
(4)7'(24_)’ M(r) =cir 5 tegr s, (24)

with c1, cg arbitrary parameters, and m = —w.
The GCS operator takes the form:
k k—1)(k+3 0
Vi = |ugr — ;ur (4),:24_)’& — Cl’l"_# - CQ?“IC?L3 (25)

%-
By solving the invariance surface condition 17 = 0, we come to the solution of the KGF equation as:

w(t,r) = FrED2 gtz 4 /2 k(:C12)T_(k_3)/2 _
2[k(k +5)(k+17) — 2c1(k — 3)(k — 1)]r(k+3)/2 i
k(k+ 1)(k +3)
(k=2)(k+5)(k+7) —der (b —3)(k — 1)T(k—1)/2
(k—3) (k- 1)(k—-2) ‘

The functions f(¢) and g(¢t) must be polynomials of second order in ¢.



5 The Lie symmetry problems for 2D reaction-diffusion equation

5.1 The reaction-diffusion equation

The reaction-diffusion equation is a second order parabolic equation which describes physical phe-
nomena due to the processes of reaction, diffusion and convection.

In the simpler case when the diffusion coefficient is variable, the convection velocity is constant
and there are no sources or sinks, the equation takes the form:

Up = Ulg + Ulgy — VUy (27)

with diffusion coefficient v and convective velocity v = const. along to the Ox direction.
It is easy to remark that (27) results from the general class of equations (12) by choosing the
particular functions:

C(x7y7t7u) = D(Sﬂ,y,t,U) =u, F(%%@“) = -V
A(z,y,t,u) = B(z,y,t,u) = E(z,y,t,u) = G(z,y,t,u) =0 (28)

5.2 Lie symmetries for the 2D reaction-diffusion equation

The general determining system for the symmetry generators has in this case the solution:

c c
§= 51(1‘ —vt) + oy +e3, M= 51y —co(x—vt) t e, 9=cru (29)
The Lie symmetry generator takes the expression:
0 0 0 0
X(z,y,t,u) = 5 (%(x — vt) + oy + 03) P2 + (%y — co(x — vt) + 64) ay + crtm (30)

Consequently, the nonlinear reaction-diffusion equation (27) admits the 4—dimensional Lie algebra
spanned by the operators shown below:

_ (x—wt) O y\ O 0
0 0 0 0
XQ = yaix — (m—vt)@, X3 = %,le = ai:y

When the Lie algebra of these operators is computed, the only non-vanishing relations are:

1
(X3, X1] = §X3, (X4, X1] = Xy, [Xo, X3] = Xy, [X4, Xo] = X3 (32)

5.3 Invariant solutions for the reaction-diffusion equation

Each operator from (31) can generate invariant solutions of the model. The invariant classes of
solutions correspond to the set of optimal subalgebras that has in this case the dimension 3. Such
an optimal subalgebra is given by {X2, X3, X1 + aXs + 8X4}.

For the operator X5, the characteristic equations generate 3 invariants, Iy = t, Is = vtx— "%2 - y;,
I3 = u, and the similarity solution:

utr — x? — y? — vt +2¢

33
4t + 2(]2 ( )

u(t,z,y) =



The operator X3 yields also 3 invariants, Iy = ¢, Iy = y, I3 = u, and the similarity solution:

Ly? + g3y + a4
g2 — q1t

u(ta y) = (34)
The third operator of the considered optimal subalgebra, X; + aXs + X4, generates other 3
invariants and the invariant solution:
1 y? 2

u(t,ac,y)=—2(042+1)t_W o ot —2)+p (35)
4

5.4 Inverse symmetry problem for the 2D reaction-diffusion equation

Our aim is now to find the class of equations with generic form (12) which admits the same symme-
tries with those corresponding to 2D nonlinear convective-diffusion equation (27). Consequently, we
have to impose that the coefficient functions (29) which determine the base of symmetry operators
(31) verify the general determining system (?7).

The solutions of differential system (?77) describe the coefficient functions of the general evolu-
tionary equation (12) as follows:

A = B=0,C=D=csu,
Ew) = Vu [C4 cos <C2 ln(u)> — ¢5sin <C2 ln(u)>] (36)

P = Vs (20 #crn ()
Glu) = cqu

where ¢;j, j = 1,6 and v are arbitrary constants.
In particular, for ¢3 = 1, ¢4 = ¢5 = ¢g = 0 and arbitrary ¢; and co, the solution (36) generates
the 2D nonlinear reaction-diffusion equation (27) discussed above.

6 Conclusions

e The direct symmetry method allows to obtain the classes of invariant solutions for a nonlinear
differential equation using the optimal set of Lie subalgebras. Steps to be followed suppose
to determine:

(i) the general Lie algebra;
(ii) the optimal sets of independent generators (subalgebras);
(iit) the invariant solutions corresponding to each set.

e The inverse symmetry method allows to find the largest class of nonlinear differential equa-
tions which belong to the same class as a given equation in the sense of the symmetries they
observe.

e Both direct and inverse methods were applied to two important examples of nonlinear 2D
partial derivative equations:

- The KGF equation, with an optimal system of subalgebras of dimension 4, same as the whole
symmetry algebra.

- The reaction-diffusion equation with a maximal optimal subalgebra of dimension 3, despite
the existence of 4 independent symmetry operators.
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