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ABSTRACT

In the paper, the kinetic forces on the balls of 

the radial ball bearings of the multi-stage gear 

reducers, i.e. the multiplier of the revolutions 

of the main shaft, were determined. The 

kinetic contact forces of balls and circular 

guides, stationary and moving radial ball 

bearing due to the occurrence of:
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a* centrifugal forces of unbalanced gears 

fixed on the shafts 

and 

b* when eccentricity of the center of 

mass of a pair of balls with one diameter 

occurs in a radial ball bearing, due to the 

difference in their mass density, at equal 

radii. of mass of the balanced part of the gear.
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The number of revolutions of the balls in 

rolling, without sliding, and the change of 

contact points in which kinetic contact forces 

occur, for one revolution of each of the shafts 

and reduced to the main shaft, were 

determined. It is determined for the cases of 

radial ball bearings with four pairs of balls 

and with six pairs of balls in radial ball 

bearings.
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The centrifugal force, which occurs due to the

eccentricity of the corresponding material point, is

equal to the product of the mass of the material

point and its normal deflection due to the angular

speed of rotation vratial,

It acts in the radial direction and rotates together

with the shaft, with the angular velocity of the

shaft.
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Due to the appearance of these centrifugal forces,

kinetic pressures appear on the radial balls of the

shaft bearing. Those kinetic pressures on the radial

ball bearings lead to the appearance of contact forces

between the balls rolling on the stationary circular

groove, on which they roll, and in the dynamical 

contact points of the movable circular groove, which

rotates at the angular velocity of the shaft to which it

is rigidly connected, assuming that the shaft rotates

at a constant angular velocity.
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Another source of centrifugal forces is the 

eccentricity of the center of mass of one or more 

pairs of balls in a radial ball bearing. The 

centripetal force of a pair of balls on one 

diameter is equal to the product of the sunn 

masses of the two balls and the normal 

acceleration of its center of mass rotating at the 

angular velocity of the shaft, assuming that the 

shaft rotates at a constant angular speed.
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We have assumed that all the balls of the radial ball 

bearing are all with the ељуал spherical contour surfaces of 

equal radii. But we also introduced the assumption that in 

one or more pairs of balls, there are balls with different mass 

densities. That difference in the mass densities of the balls in 

a pair on one diameter is the cause of the eccentricity of the 

center of mass of one pair on one diameter. Now we can write 

that the centrifugal force that occurs due to the eccentricity 

of the center mass of the ball pair on one diameter: 
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roller bearing balls, 

phase trajectory portraits.

shaft  rotation angular velocity,

statopnary circle path of rolling,
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3* Vector of he body mass inertia moment

at the point for the axis oriented by the unit

vector :

(3)

where is the position vector of the elementary

body mass with respect to the common pole

.

The spherical and the devivational parts of

the inertia moment vector and of the inertia

tensor are analyzed.
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Figure 1. b*

The graphical

presentation of the

vector of mass

particle's mass

inertia moment for

the reference point

and an oriented

axis and of the

corresponding

deviational plane.
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Figure 12. The graphical presentation of the kinetic 

vectors of rotors with inclined rotation axis.
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Figure 4. Configuration of radial ball bearings on the shafts of a two-stage 
gear transmission with unbalanced gears (with debalances in the form of 
eccentrically placed material points)
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Figure 4.  On the 

dynamics of rolling a pair 

of balls on a single 

diameter and on the 

appearance of nonlinear 

dynamics - characteristic  

eometric elements, 

haracteristic points and 

arcs in correlation, non-

slip, on fixed circular 

path and contact, non-

slip, on circular contour 

of movable circular 

platform

Thank Yo!Projekat  ON 1740013rd Conference on Nonlinearity, September  4-7 2023 



01. September 2023 58
01. September 2023

01. September 2023

2mr

P2

P

J
i =

( )20
2rRm

O

−
=

J
i

2

( )rR

en
n

−
=

Thank Yo!Projekat  ON 1740013rd Conference on Nonlinearity, September  4-7 2023 



01. September 2023 59
01. September 2023

01. September 2023

( )
( )

( ) 22

PP
iiJJ 0

22

32

2

3
2

+−
=









−
+−

=
rR

g

rRmmr
rR

g

O

g



( )
( )

( ) 22

P
P ii

JJ
022

32
2

3
2 +−=









−
+−= rR

rRmmr
rR O

Thank Yo!Projekat  ON 1740013rd Conference on Nonlinearity, September  4-7 2023 



01. September 2023 60
01. September 2023

01. September 2023

 z  

R  

0C  
N  

0N  

s  

Kv


 

 

G


 
NF


 

Na


 
Ta


 

FTI


 

  

CPPc JJJM ,, =  

y  

P  

x  

0K  

P  

P  

P
~

 

1,0P  

0

~
P  

K  

  

  

  

    

  

  

  

C  

C
~

 

P  

2,0P  

Thank Yo!Projekat  ON 1740013rd Conference on Nonlinearity, September  4-7 2023 



01. September 2023 61
01. September 2023

01. September 2023

( )
( )rR

rR

2
2

−

−
=






( ) ( ) ( ) ( )
( )

22
22

,
2

4
2

1

2

1
2

2

1

2

1
2 









−

−
+







 −
=+=

rR

rR

r

rR n
O

n
OnP




 JJJJE PPk

Thank Yo!Projekat  ON 1740013rd Conference on Nonlinearity, September  4-7 2023 



01. September 2023 62
01. September 2023

01. September 2023

0=



+




−







p

dt

d EEE kk



( ) ( ) ( ) ( )
( )

22
22

,
2

4
2

1

2

1
2

2

1

2

1
2 









−

−
+







 −
=+=

rR

rR

r

rR n
O

n
OnP




 JJJJE PPk

Thank Yo!Projekat  ON 1740013rd Conference on Nonlinearity, September  4-7 2023 



01. September 2023 63
01. September 2023

01. September 2023

( ) ( )
( )

( ) ( )
( )

224

1

2
4

1

2

,,
2

4
2

1

2
4

2

1









−

−
+







 −
=









−

−
+= 

=

= rR

rR

r

rR

rR

rR n
O

n

n

nn
OinP





JJJJE PPk

( ) ( ) ( )
( )

( )
( )

0
22

42 =








−

−









−

−
+

−







 −

rR

rR

rR

rR

r

rR

r

rR

d

d nn
O

n  
JJP

Thank Yo!
Maj nesec mehanike   2021 Projekat  ON 174001IUTAM 2023, July 31 - August 4 2023, Tsukuba, Japan



01. September 2023 64
01. September 2023

01. September 2023

( ) ( ) ( )
( )

( )
( )

const
rR

rR

rR

rR

r

rR

r

rR n
O

n =
−

−









−

−
+

−







 −

22
42

 
JJP

constnn == 0, 

Thank Yo!
Maj nesec mehanike   2021 Projekat  ON 174001IUTAM 2023, July 31 - August 4 2023, Tsukuba, Japan



01. September 2023 65
01. September 2023

01. September 2023

( )
( )

const
rR

rR
==

−

−
=

2
2






( )
( )

const
rR

rR
nn =

−

−
==

2

2
0, 

( ) ( )
const

r

rR

r

rR n
nP =

−
=

−
= +

+
2

21
1,






Thank Yo!
Maj nesec mehanike   2021 Projekat  ON 174001IUTAM 2023, July 31 - August 4 2023, Tsukuba, Japan



01. September 2023 66
01. September 2023

01. September 2023

Figure 4. Configuration of radial ball bearings on the shafts of a two-stage 
gear transmission with unbalanced gears (with debalances in the form of 
eccentrically placed material points)
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The eccentricity of the cent mass of the pair of 

balls is 

Using these assumptions, the influence of the

centrifugal forces of the two-stage gear transmission

was studied and the real system was reduced to a

fictitious model on the first shaft with several

unbalanced gears and the contact forces in the radial

ball bearings were analyzed.
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The eccentricity of the center of mass of a pair of 
balls on one diameter is: 

the             difference coefficient is the mass density 
of the balls in  a pair on one diameter
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ABSTRACT

In the paper, the kinetic forces on the balls of 

the radial ball bearings of the multi-stage gear 

reducers, i.e. the multiplier of the revolutions 

of the main shaft, were determined. The 

kinetic contact forces of balls and circular 

guides, stationary and moving radial ball 

bearing due to the occurrence of:

Thank Yo!Projekat  ON 1740013rd Conference on Nonlinearity, September  4-7 2023 



01. September 2023 100
01. September 2023

01. September 2023

a* centrifugal forces of unbalanced gears 

fixed on the shafts 

and 

b* when eccentricity of the center of 

mass of a pair of balls with one diameter 

occurs in a radial ball bearing, due to the 

difference in their mass density, at equal 

radii. of mass of the balanced part of the gear.
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The number of revolutions of the balls in 

rolling, without sliding, and the change of 

contact points in which kinetic contact forces 

occur, for one revolution of each of the shafts 

and reduced to the main shaft, were 

determined. It is determined for the cases of 

radial ball bearings with four pairs of balls 

and with six pairs of balls in radial ball 

bearings.
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The centrifugal force, which occurs due to the

eccentricity of the corresponding material point, is

equal to the product of the mass of the material

point and its normal deflection due to the angular

speed of rotation vratial,

It acts in the radial direction and rotates together

with the shaft, with the angular velocity of the

shaft.

22
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Due to the appearance of these centrifugal forces,

kinetic pressures appear on the radial balls of the

shaft bearing. Those kinetic pressures on the radial

ball bearings lead to the appearance of contact forces

between the balls rolling on the stationary circular

groove, on which they roll, and in the dynamical 

contact points of the movable circular groove, which

rotates at the angular velocity of the shaft to which it

is rigidly connected, assuming that the shaft rotates

at a constant angular velocity.
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Another source of centrifugal forces is the 

eccentricity of the center of mass of one or more 

pairs of balls in a radial ball bearing. The 

centripetal force of a pair of balls on one 

diameter is equal to the product of the sunn 

masses of the two balls and the normal 

acceleration of its center of mass rotating at the 

angular velocity of the shaft, assuming that the 

shaft rotates at a constant angular speed.
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We have assumed that all the balls of the radial ball 

bearing are all with the ељуал spherical contour surfaces of 

equal radii. But we also introduced the assumption that in 

one or more pairs of balls, there are balls with different mass 

densities. That difference in the mass densities of the balls in 

a pair on one diameter is the cause of the eccentricity of the 

center of mass of one pair on one diameter. Now we can write 

that the centrifugal force that occurs due to the eccentricity 

of the center mass of the ball pair on one diameter: 
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We have assumed that all the balls of the radial ball 

bearing are all with the ељуал spherical contour surfaces of 

equal radii. But we also introduced the assumption that in 

one or more pairs of balls, there are balls with different mass 

densities. That difference in the mass densities of the balls in 

a pair on one diameter is the cause of the eccentricity of the 

center of mass of one pair on one diameter. Now we can write 

that the centrifugal force that occurs due to the eccentricity 

of the center mass of the ball pair on one diameter: 

Where         is the coefficient of inequality of the mass of the 

balls in the pair.
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The eccentricity of the cent mass of the pair of 

balls is 

Using these assumptions, the influence of the

centrifugal forces of the two-stage gear transmission

was studied and the real system was reduced to a

fictitious model on the first shaft with several

unbalanced gears and the contact forces in the radial

ball bearings were analyzed.
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First, we observe a light, homogeneous isotropic
shaft, with a circular cross-section, with two
mounted unbalanced gears, which rotates at a

constant angular velocity and is
supported on two radial ball bearings,
both at distances to the left and
right of the first and second gears,
respectively. see Figure 1).

10
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Figure 2. Sketch of the contact forces on the balls of a radial ball bearing when: a) the

direction of kinetic presssure from the centrifugal force coincides with the diameter of a

pair of balls in the rolling of a radial ball bearing; c) when is the direction of kinetic

pressure due to centrifugal forces between pairs of balls on two adjacent diameters of

one radial ball bearing.
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We can conclude that in the case of a radial ball bearing with 
four pairs of balls (eight balls) and when the direction of the 
resultant kinetic pressure on the bearing from centrifugal forces 
is on the half of the directions of the two adjacent diameters on 
which the adjacent pairs of balls are located, the kinetic 
pressures from the centrifugal forces is decomposed on two 
components that make angles of       
 with the direction of the kinetic resultant pressure between 
adjacent balls. This means that all ball-adjacent pairs of two 
adjacent pairs experience kinetic contact pressures from the 
centrifugal forces of the gear imbalance on that shaft. The 
kinetic contact forces of the balls of a radial ball bearing are in 
the radial directions relative to the shaft and the diameters on 
which the balls are in pairs.

8
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Figure 2. Sketch of the contact forces on the balls of a radial ball bearing when: a) the

direction of kinetic presssure from the centrifugal force coincides with the diameter of a

pair of balls in the rolling of a radial ball bearing; c) when is the direction of kinetic pressure

due to centrifugal forces between pairs of balls on two adjacent diameters of one radial ball

bearing.
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The relationship between the angular velocity of the
rolling ball and the angular velocity of the shaft should be
taken into account. Here is the link:

The number of revolutions of the ball for one revolution of the
shaft is:
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And, depends on the radius of the radial ball
bearing and the radius of the ball. It means that
the ball turns several times for one
revolution of the shaft, and therefore every contact
point of the ball changes so much, in rolling without
slipping, and exposed to the forces of kinetic
pressure due to the kinetic effect of the centrifugal
forces of the imbalance of the gears, for one
revolution of the shaft. This number
 does not depend on the number of balls in the radial
ball bearing, but only on the dimensions of the radial
ball bearing.
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The second case is when the gears are
balanced, but in a radial ball bearing,
the eccentricity of the center of mass
of a pair of balls on one diameter
appears, and due to the difference in
the mass density of those two balls
on one diameter, even though they
have the equal radius.
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The eccentricity of the center of mass of a pair of 
balls on one diameter is: 

the             difference coefficient is the mass density 
of the balls in  a pair on one diameter
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Centrifugal force due to the eccentricity of the 
center of the mass of a pair of balls of different 
mass densities and equal radii, but on one 
diameter, is:

( ) ( ) ( ) 22 111  
innnnnm,Nnm,c epmepmapm

nn
+−=+−=+−=F

( )
( )


rR

rR

−

−
=

2

2

( ) ( )
( )
( )

2

2

2 2
1

8

1
1  

rR

rR
pmepm ninnm,c n −

−
−−=+−=F

Thank Yo!Projekat  ON 1740013rd Conference on Nonlinearity, September  4-7 2023 



01. September 2023 124
01. September 2023

01. September 2023

This centrifugal force acts on a pair of balls on the
same diameter, which have different mass densities and
equal radii. The number of changes in contact points in
which kinetic contact forces occur due to the appearance
of centrifugal forces caused by the eccentricity of the
center of mass of a pair of balls on one diameter of
different mass densities and equal radii is
 times for one revolution of the shaft, and thus each
contact point of the ball changes so much, in rolling
without sliding, exposed to kinetic pressure forces due to
the kinetic action of the centrifugal forces of the
eccentricity of the center of mass of a pair of balls in a
radial ball bearing.

( )
r

rR
N

2
1

−
=

Thank Yo!Projekat  ON 1740013rd Conference on Nonlinearity, September  4-7 2023 



01. September 2023 125
01. September 2023

01. September 2023

 z  

R  

0C  
N  

0N  

s  

Kv


 

 

G


 
NF


 

Na


 
Ta


 

FTI


 

  

CPPc JJJM ,, =  

y  

P  

x  

0K  

P  

P  

P
~

 

1,0P  

0

~
P  

K  

  

  

  

    

  

  

  

C  

C
~

 

P  

2,0P  

Figure 7. A pair of
balls on one
diameter and the
geometric relations
of ball dynamics in
one model of a
radial ball bearing
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Figure 8. Four models of radial ball bearings with
pairs of balls on one diameter: models with: with
four pairs of balls a* and b*, radial bearing with a
total of eight balls in rolling without sliding; and
with six pairs of balls c* and d*, a radial bearing
with a total of twelve balls in rolling, without
sliding, inside or outside of fixed circle rolling path  
and in dynamical contact with movable circle path 
outside or insiide
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Figure 4. Configuration of radial ball bearings on the shafts of a two-stage 
gear transmission with unbalanced gears (with debalances in the form of 
eccentrically placed material points)
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