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ABSTRACT
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' In the paper, the kinetic forces on the balls of
the radial ball bearings of the multi-stage gear
reducers, i.e. the multiplier of the revolutions
s of the main shaft, were determined. The
kinetic contact forces of balls and circular
guides, stationary and moving radial ball
fbearing due to the occurrence of:
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a* centrifugal forces of unbalanced gears
¢/ fixed on the shafts
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b* when eccentricity of the center of
mass of a pair of balls with one diameter
occurs in a radial ball bearing, due to the
difference in their mass density, at equal
radii. of mass of the balanced part of the gear.
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. /le number of revolutions of the balls

rolling, without sliding, and the change of

ycontact points in which kinetic contact forces

“ occur, for one revolution of each of the shafts

{\)énd reduced to the main shaft, were
determined. It is determined for the cases of
radial ball bearings with four pairs of balls

{\’and with six pairs of balls in radial ball
bearings.
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= "ﬁ'he centrifugal force, which occurs due to the

eccentricity of the corresponding material point, is
f\ equal to the product of the mass of the material
¥ point and its normal deflection due to the angular
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It acts in the radial direction and rotates together
with the shaft, with the angular velocity of the

| {}f shaft.
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‘¢ Due to the appearance of these centrifugal forces,
Kinetic pressures appear on the radial balls of the
shaft bearing. Those kinetic pressures on the radial
ball bearings lead to the appearance of contact forces
between the balls rolling on the stationary circular
groove, on which they roll, and in the dynamical
contact points of the movable circular groove, which
rotates at the angular velocity of the shaft to which it
IS rigidly connected, assuming that the shaft rotates
at a constant angular velocity.
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" eccentn(:lty of the center of mass of one or more
pairs of balls in a radial ball bearing. The
centripetal force of a pair of balls on one
diameter Is equal to the product of the sunn
masses of the two balls and the normal
acceleration of its center of mass rotating at the
angular velocity of the shaft, assuming that the
shaft rotates at a constant angular speed.
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=80~ * We have assumed that all the balls of the radial ball
"-béarlng are all with the essyan spherical contour surfaces of
§ 7 equal radii. But we also introduced the assumption that in
y one or more pairs of balls, there are balls with different mass
f\_ densities. That difference in the mass densities of the balls in
y a pair on one diameter is the cause of the eccentricity of the
_center of mass of one pair on one diameter. Now we can write
{\’f that the centrifugal force that occurs due to the eccentricity
of the center mass of the ball pair on one diameter:
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BN phase trajectory portraits.

%Q shaft rotation angular velocity,

§§§ statopnary circle path of rolling,

_8 rotatimg circle path of vontact rolling.
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3* \ector 36?)he body mass inertia moment
at the point for th®axis oriented by@fh@ unit
vector &

T jjj[p[ pldm

body mass dm with respect to the common pole
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The spherical and the devivational parts of
the inertia moment vector and of the Inertia
tensor are analyzed.

O
)
—
=

(b

o S—— }
b e
L
-—r
(C w
= <



3rd Conference on Nonlinearity, September 4-7 2023

Figure 1. b*
The graphical
presentation of the
vector of mass
particle's mass
Inertia moment for
the reference point
and an oriented
axis and of the
corresponding
deviational plane.
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e S g Following the expressions (67) and (70), as well
g ; as the expression (68) and (71), we can write
£ b= the following two vector equations:
égg @:m@£‘4}1:§f+f +F,+G
g g 7 i | b T (125)
E d‘é o ~ . RNp Ny~ -
E —A:{GJE{{}—I_ @;E;{} 9}':lek:Fk]—l_[anGl—l_[pB:FB]
dt = (126)

These two vectorial equations are Kinetic
equations of dynamic equilibrium of the body
rotating around the stationary axis under the
action of the active force system F, .

D
" w—
—)
—
- cmm—
7p)
=
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2* the equations for determining the bearings’ Kinetic
pressures, that is, pressures upon the bearings, I,
and Iy , that is, their components in the axis
direction /7 and normal to the rotation axis:

E,, = (E,.7i)i= —HZ( i)~ (G (128)

Nonlinear Dynamics -
Scientific work of Prof. Dr Katica (Stevanovic) Hedri
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—

E,, = F+ 08 [r[6a]- S [ [E.a] (29
o Fy——0j8|- ;[ﬁ,[[ﬁc.-él*l—piZI [5..7]7] 139
."5 B B B
= whereis: M=MNT , R=Jo'+o' . 131)

The rotator § = R 1 is rotating and increasing by
the angular velocity and by the angular acceleration.



3rd Conference on Nonlinearity, September 4-7 2023

If we now multiply scalarly and vectorialy these
equations (125) and (126) with the unit vector n o,
and, having in mind that the pB Pgh , we obtain:

1* the rotation equation around the axes

oriented by the unit vector 7 in the form:

3.5)-(5..c]7)+ (L%F] )

Nonlinear Dynamics -
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THEOREM 2.

Vector expression of angular momentum derivatives of the
rigid N bodies, multi coupled rotations, around no
intersecting axis in all cases, placed bodies on the each axis,
between other terms, contain sum of products by intensity of
rigid N bodies mass deviation moment vectors

= [ﬁ,_ {m [7,.5,km,.7, ﬂ !

Nonlinear Dynamics -
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i=123 N, j=123_K

__g for the axes oriented by unit vectors of component coupled
g 5 rotation axes through pole on the rigid N bodies self-rotation
@ = axis and vector rotators defined by:
= = N, = v+ il | i=123.N, j=123.K

. e =
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Szarcrgﬂl y=p+9=0+9 |
“ = '+£[ﬂrfrr EJ
y=p+9 ARAPI S

y = p+arctg— 9= oy o,o,d)
)
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Figure 4. Configuration of radial ball bearings on the shafts of a two-stage

gear transmission with unbalanced gears (with debalances in the form of
eccentricallv nlaced material nointc)
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We now use the kinematic connection of the contact of the ball and the movable circular

groove, at the point K of contact, by determining its velocity v, , as a point K, which

belongs to the movable circular groove, which rotates at at angular angle velocity I=Q , but
also belongs to the ball contact pount K in rolling at a current angular velocity

R_ )
Wp = ﬂ of ball rolling in the form:

"

Institute
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We have now obtained that the angular velocity # of rotation of
a fixed circular groove in the function of an independent generalized
coordinate ¢is in the following form:

Nonlinear Dynamics -
Scientific work of Prof. Dr Katica (Stevanovic) Hedri
Belgrade, 04.-06. September, 2019

R—2r &

# We see that this angular velocity # is greater than the angular
velocity ¢ according to the independent generalized

Institute

coordinate o.
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" The following is also the ratio of coordinates, which we have
obtained before:
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On the dynamics of rolling a pair of balls on a single
diameter and on the appearance of nonlinear dynamics

Let us observe the kinetic and potential energy of a pair of balls
on a single diameter from a roller bearing. Their mutual position can
be defined by independent generalized angular coordinates that differ
by an angle of 180 degrees, ie 7: ¢ _=¢ +7: Where: ¢ =¢ .

Nonlinear Dynamics -
Scientific work of Prof. Dr Katica (Stevanovic) Hedri
Belgrade, 04.-06. September, 2019
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Figure 4. On the
dynamics of rolling a pair
of balls on a single
diameter and on the
appearance of nonlinear
dynamics - characteristic
eometric elements,
haracteristic points and
arcs in correlation, non-
slip, on fixed circular
path and contact, non-
slip, on circular contour
of movable circular
platform
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* Radius of polar inertia of mass for a movable rotating circular
platform of radius relative to the mass of a spherical ball
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g

Z.

2(R—r)Bi2 +i]

>

and : call it the coefficient of the roller bearing, while we will

use the following expression

and A call the reduced length of rolling in rotation in a ball bearing with twelve

{\y balls, with two balls in each of pairs of roller bearings.
1 .

anramhber 20722
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The kinetic energy E, of rolling a pair of balls on a single

diameter and a movable circular groove of the axial moment of inertia

of mass JO=%M(R—2;»)2, M=p(R-2r) 'z, for the shaft axis and the ball

bearing is:

Institute
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The potential energy E =const does not change because the center of

mass of a pair of balls is in the center of the cross section of the shaft and the

roller bearing.
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g

The kinetic energy E, of rolling a pair of balls on one
A\ . . . .
{\y diameter and movable platform with circulat grove is:
&

Institute
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The kinetic energy &, of rolling of all eight balls and

a movable platform with a circular groove is:

)i TgJO{(R—r)@T

2 (R-2r)

Nonlinear Dynamics -

Scientific work of Prof. Dr Katica (Stevan
Belgrade, 04.-06. Septg!pber, /]

Bearing in mind that the center C of mass of a pair of balls is in the center
C of circular, movable and immovable rolling grooves and kinematic contact K
of balls in rolling, there is no change in the potential energy E =const of the

ball bearing system in the rolling dynamics, so we can write the following
system of ordinary differential rolling equations for each of the pairs of balls:
We use Lagrange equations of the second kind:

R-r)p, [(R-r R-r)p, [(R=r)p,
( H( Iy ((R_z)?”) (<R_2)§”) o

Institute

r
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it O e
h ] o
==

= '4 And the first integral of the previous differential equation is:

(R=r)p, } (R~ r)+304{(R_ r)(b”} (R-1) _ const

E it s S
-
¢ b e
. 8 AT
. - E y
e = N A
T ~ R ¥
o ~acl
- e B
L = N

(R-2r)

r r (R-2r)
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We see that in that case the motion - rolling of balls, without

sliding, is a constant instanteneous angular velocity a)P_”:M of
;

rolling, because the change of the independent generalized

D
" w—
=)
—
- cmm—
7p)
=

coordinate - the angle ¢ =¢,  is uniform with a constant angular

speed ¢ =¢ ,=const.
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(R—r)p

= const of shaft rotation is constant

Then the angular velocity Q2 = D=2

(R-2r)
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The current angular velocity @, ., of rolling, withot slliping, of a pair of balls

in a pair on one diameter is:

(R B r)gbn+1 il
I

Institute
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Figure 4. Configuration of radial ball bearings on the shafts of a two-stage

gear transmission with unbalanced gears (with debalances in the form of
eccentricallv nlaced material nointc)
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3

The eccentricity of the cent mass of the pair of
= Dballs is
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Using these assumptions, the influence of the
centrifugal forces of the two-stage gear transmission
was studied and the real system was reduced to a
fictitious model on the first shaft with several
unbalanced gears and the contact forces in the radial
ball bearings were analyzed.
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;f?f"ﬁ'he eccentricity of the center of mass of a pair of
~ 7 balls on one diar{neter is:
£/ 1 \1_ pn)
(R - r) (1 )
\ + pn

the P, difference coefficient is the mass density
of the balls in a pair on one diameter
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TRIGGER OF COUPLED
SINGULARITIES

(Invited Plenary Lecture)
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Theorem: In the system whose dynamics can be

described with the use of non-linear differential equation in
the form:

i+ glk. F(x)]f(x)=0

and whose potential energy is in the form:

(1)

—mjg[kF Nf (x)dx = Gk, F(x)] &

in n/mh the functions f (x) and g(x) are:

)= jif(x)dx and

X

kx=_[gkx)dx (3)
0

and satisfy the following conditions:

and satisfy the following conditions:

FEx)=—£(x) glk.x)=glb. )

f ()= £ gle. e no)= ezl

f(0)=0 ek, F(c )] =0, for ke (k,, k)0 (ky, &y ...
flx)=0
x, =T,
s =1.2.3,40:

oo =any, 3 ) |x0|<£2°

gl F(x)] 20, for ke (k. k,)U (ky. &y )....

r=0,1,234,...

and both functions 4 (x) and & (x) have one

maximum or minimum in the interval between two zero roots:
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On kinetic contact forces on the
balls of radial ball bearings
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' ON CENTRIFUGAL FORCES IN A MULTI-
i/ STAGE ROTATOR TRABSMISSION AND ON
KINETIC CONTACT FORCES IN RADIAL
BALL BEARINGS
t\,
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ABSTRACT

S f
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' In the paper, the kinetic forces on the balls of
the radial ball bearings of the multi-stage gear
reducers, i.e. the multiplier of the revolutions
s of the main shaft, were determined. The
kinetic contact forces of balls and circular
guides, stationary and moving radial ball
fbearing due to the occurrence of:
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a* centrifugal forces of unbalanced gears
¢/ fixed on the shafts

Nonlinear Dynamics -
Scientific work of Prof. Dr Katica (Stevanovic) Hedri
Belgrade, 04.-06. September, 2019

b* when eccentricity of the center of
mass of a pair of balls with one diameter
occurs in a radial ball bearing, due to the
difference in their mass density, at equal
radii. of mass of the balanced part of the gear.
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. /le number of revolutions of the balls

rolling, without sliding, and the change of

ycontact points in which kinetic contact forces

“ occur, for one revolution of each of the shafts

{\)énd reduced to the main shaft, were
determined. It is determined for the cases of
radial ball bearings with four pairs of balls

{\’and with six pairs of balls in radial ball
bearings.
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“y/v | ) -
= "ﬁ'he centrifugal force, which occurs due to the

eccentricity of the corresponding material point, is
f\ equal to the product of the mass of the material
¥ point and its normal deflection due to the angular
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It acts in the radial direction and rotates together
with the shaft, with the angular velocity of the

| {}f shaft.
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‘¢ Due to the appearance of these centrifugal forces,
Kinetic pressures appear on the radial balls of the
shaft bearing. Those kinetic pressures on the radial
ball bearings lead to the appearance of contact forces
between the balls rolling on the stationary circular
groove, on which they roll, and in the dynamical
contact points of the movable circular groove, which
rotates at the angular velocity of the shaft to which it
IS rigidly connected, assuming that the shaft rotates
at a constant angular velocity.

Belgrade, 04.-06. September, 2019



3rd Conference on Nonlinearity, September 4-7 2023

" eccentn(:lty of the center of mass of one or more
pairs of balls in a radial ball bearing. The
centripetal force of a pair of balls on one
diameter Is equal to the product of the sunn
masses of the two balls and the normal
acceleration of its center of mass rotating at the
angular velocity of the shaft, assuming that the
shaft rotates at a constant angular speed.

Nonlinear Dynamics -
Scientific work of Prof. Dr Katica (Stevanovic) Hedri
Belgrade, 04.-06. September, 2019
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=80~ * We have assumed that all the balls of the radial ball
"-béarlng are all with the essyan spherical contour surfaces of
§ 7 equal radii. But we also introduced the assumption that in
y one or more pairs of balls, there are balls with different mass
f\_ densities. That difference in the mass densities of the balls in
y a pair on one diameter is the cause of the eccentricity of the
_center of mass of one pair on one diameter. Now we can write
{\’f that the centrifugal force that occurs due to the eccentricity
of the center mass of the ball pair on one diameter:

Nonlinear Dynamics -
Scientific work of Prof, Dr Katica (Stevanovic) Hedri
Belgrade, 04.-06. September, 2019
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*We have assumed that all the balls of the radial ball

‘-béarlng are all with the esyan spherical contour surfaces of

? equal radii. But we also introduced the assumption that in

one or more pairs of balls, there are balls with different mass

f\ densities. That difference in the mass densities of the balls In

,V a palr on one diameter is the cause of the eccentricity of the

“ center of mass of one pair on one diameter. Now we can write

{\‘y that the centrifugal force that occurs due to the eccentricity
of the center mass of the ball pair on one diameter:

: 1
ch = _mik(1+ Py )aN m, _mik(l+ Py )eika)iz — _mik(1+ Py )eik‘9i2 N _E(R 3 I‘) ( pn)
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Where Pn s the coefficient of Inequality of the mass of the

{\y balls In the pair.
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The eccentricity of the cent mass of the pair of
= Dballs is

Nonlinear Dynamics -
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Using these assumptions, the influence of the
centrifugal forces of the two-stage gear transmission
was studied and the real system was reduced to a
fictitious model on the first shaft with several
unbalanced gears and the contact forces in the radial
ball bearings were analyzed.
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First, we observe a light, homogeneous isotropic
shaft, with a circular cross-section, with two
mounted unbalanced gears, which rotates at a

Nonlinear Dynamics -
Scientific work of Prof. Dr Katica (Stevanovic) Hedri
Belgrade, 04.-06. September, 2019

constant angular velocity  @_. and is
supported on two radial ball bearings,
both at distances to the left and

right of the first and second gears,
respectively. see Figure 1).

(e}
)
s
=

D
S
= =
-—r e
C w
= <



Nonlinear Dynamics -
Scientific work of Prof. Dr Katica (Stevanovic) Hedri

Mathematical

Institute

Belgrade, 04.-06. September, 2019

: A" Figure 2. Sketch of the contact forces on the balls of a radial ball bearing when: a) the

3rd Conference on Nonlinearity, September 4-7 2023

direction of kinetic presssure from the centrifugal force coincides with the diameter of a
pair of balls in the rolling of a radial ball bearing; c) when is the direction of kinetic
pressure due to centrifugal forces between pairs of balls on two adjacent diameters of
one radial ball bearing.
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il /' We can conclude that in the case of a radial ball bearing with
; fgur pairs of balls (eight balls) and when the direction of the
resultant kinetic pressure on the bearing from centrifugal forces
is on the half of the directions of the two adjacent diameters on
which the adjacent pairs of balls are located, the kinetic
pressures from the centrifugal forcgs is decomposed on two
components that make angles of 3
with the direction of the kinetic resultant pressure between
adjacent balls. This means that all ball-adjacent pairs of two
adjacent pairs experience kinetic contact pressures from the
centrifugal forces of the gear imbalance on that shaft. The
G
p

kinetic contact forces of the balls of a radial ball bearing are in
which the balls are in pairs.
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_,_j‘és;iFigure 2. Sketch of the contact forces on the balls of a radial ball bearing when: a) the

L. direction of kinetic presssure from the centrifugal force coincides with the diameter of a
: J pair of balls in the rolling of a radial ball bearing; c) when is the direction of kinetic pressure
due to centrifugal forces between pairs of balls on two adjacent diamé&ters of one radial ball

T
i 2C0S—
bearing. 1
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W [~ The relationship between the angular velocity of the
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rolling ball and the angular velocity of the shaft should be
taken into account. Here is the link:
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~ And, depends on the radius of the radial ball
-;-'-:'-'.;_«i'-fbearlng and the radius I' of the ball. It means that
| the ball turns several times for one
revolution of the shaft, and therefore every contact
point of the ball changes so much, in roﬂln%%thout
slipping, and exposed to the forces of kinetic
pressure due to the kinetic effect of the centrifugal
forces of the imbalance of the gears, for one
revolution of the shaft. This number N, - _(R-2r)r
does not depend on the number of balls in the radial

ball bearing, but only on the dimensions of the radial

hall hearino
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< 7 The second case is when the gears are
¢ ~ balanced, but in a radial ball bearing,
~ the eccentricity of the center of mass
of a pair of balls on one diameter
appears, and due to the difference in
the mass density of those two balls
on one diameter, even though they
have the equal radius.
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;f?f"ﬁ'he eccentricity of the center of mass of a pair of
~ 7 balls on one diar{neter is:
£/ 1 \1_ pn)
(R - r) (1 )
\ + pn

the P, difference coefficient is the mass density
of the balls in a pair on one diameter
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Centrlfugal force due to the eccentricity of the
' center of the mass of a pair of balls of different

mass densities and equal radii, but on one

diameter, is: (R-2r)
(0 p—
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This centrifugal force acts on a pair of balls on the
& same diameter, which have different mass densities and
&~ equal radii. The number of changes in contact points in
| which kinetic contact forces occur due to the appearance
of centrifugal forces caused by the eccentricity of the
y center of mass of a pair of balls on one ?szi\zrrlﬁter of
different mass densities and equal radiiis N, =
times for one revolution of the shaft, and thus each
;ﬁy contact point of the ball changes so much, in rolling
without sliding, exposed to kinetic pressure forces due to
the kinetic action of the centrifugal forces of the
eccentricity of the center of mass of a pair of balls in a
radial ball bearing.
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Figure 7. A pair of
balls on one
diameter and the
geometric relations
;of ball dynamics in
one model of a
radial ball bearing
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=
;iw_r_Flgure 8. Four models of radial ball bearings with

~ pairs of balls on one diameter: models with: with
four pairs of balls a* and b*, radial bearing with a
total of eight balls in rolling without sliding; and
with six pairs of balls ¢c* and d*, a radial bearing
with a total of twelve balls in rolling, without
sliding, inside or outside of fixed circle rolling path
and in dynamical contact with movable circle path
outside or insiide
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Figure 4. Configuration of radial ball bearings on the shafts of a two-stage

gear transmission with unbalanced gears (with debalances in the form of
eccentricallv nlaced material nointc)
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2 2
IEc,A,i ,12‘ 3 Fc,A,i 12 — \/(K_Taj (Ifc,mi,l)2 + (%j (Ifc,milz)z + Z(K—Taj(%j Fc,mi,m |:c,mi,2 COS 5.

. LI?C,B,i ,12‘ = Fc,B,i 12 = \/(_
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Differential equation of motion

Linear momentum
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