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1. Introduction 
 

 Coherent states (CSs) = “objects” (entities) = the state vectors ;| z ,    iexp||  zz  

 Expansion in Fock-vector basis max,...,1,0,;| nnn  ,  maxn  = dim. Hilbert space ( - real parameter) 
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 );(  n - structure constants (positive ), );( nf - nonlinearity (deformation) function classification of CSs  

 

 Properties of CSs:
1
   

 

 a) Normalization, non-orthogonality: 
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 d)  temporal stability: CSs must remain coherent over the time 

 

      const.,,iexp)(,;)(|iexp;|ˆiexp   CtztztztCztH  

                                                 
1
 J. R. Klauder, J. Math. Phys. 4, 8, 1055-1058 (1963). 
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 e)  action identity: 2||;'ˆ|; zzz   |H , 2|| z  is similar to the classical action - variable, if 00 E . 

 

 Historically, there are three types of CSs: Barut-Girardello (BG-CSs)
2
,  Klauder-Perelomov (KP-CSs) 

3
, 

and  Gazeau-Klauder (GK-CSs).
4
  

 We consider a dimensionless Hamiltonian Ĥ , with known eigenvalues  ;, ne qp , p, q - positive integers 
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 We introduce two generalized hermitic conjugate annihilation / creation operators Â  / Â ,  

  )ˆ(ˆ AA   

 

 which generate generalized hypergeometric or nonlinear CSs (NCSs)
5,
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2
 A. O. Barut, L. Girardello, Commun. Math. Phys. 21, 41-55 (1971). 

3 A. M. Perelomov, Commun. Math. Phys. 26 (1972) 222-236; arXiv: math-ph/0203002. 
4 J. P. Gazeau, J. R. Klauder, J. Phys. A: Math. Gen. 32, 123-132 (1999). 
5
 T. Appl, D. H. Schiller, J. Phys. A: Math. Gen., 37, 7, 2731-2750 (2004). 

6 D. Popov, EJTP 3, 11, 123 -132 (2006);   http://www.ejtp.com/articles/ejtpv3i11p123.pdf 

https://arxiv.org/abs/math-ph/0203002
http://www.ejtp.com/articles/ejtpv3i11p123.pdf
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 We choose the positive structure functions  as 
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)(/)()( iini anaa    - Pochhammer  symbols;  real numbers   p
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121 ,...,, b . 

 

 The structure functions );(,  nqp  determine the internal structure of NCSs.  

 

 The great advantage of using these operators: it is not necessary to know the generators of the quantum 

group or eigenfunctions, only to know the energy eigenvalues )()( ,, nenE qpqp  . 

 

 

2. Diagonal ordering operation technique (DOOT) 
 

 We introduced a new ordering operation,  diagonal ordering operation technique (DOOT), symbol # #. 
7
 

similar to the IWOP technique (Integration within Ordered Product).
8
  

                                                 
7
 D. Popov, M. Popov, Phys. Scr. 90, 035101 (2015). 

8
 Hong-yi Fan, Commun. Theor. Phys. (Beijing, China) 31, 2, 285-290 (1999).    
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 The fundamental difference: IWOP applies only to the canonical operators, DOOT can be applied to any 

pair of creation  /  annihilation operators. 

 

 Essential: DOOT consists of simply applying the normal ordering rules without taking into account the 

commutation relation of operators, with the rules:  

 a)
 
Inside the symbol #   # all operators Â  can be moved to the right as if they commuted with Â  , to obtain 

the normal ordered operator product AA ˆˆ  , or a function #)ˆˆ(ˆ# AAF .  

 b)The operators Â   and Â  are treated as simple c-numbers, with the properties   AAAAAA ˆˆ#ˆˆ##ˆˆ# ,      

#)ˆˆ(##)ˆ()ˆ(##)ˆ()ˆ(# nnnnn

  AAAAAA .           

 c)
 
A symbol #  # inside another symbol  #  #  can be deleted. 

 d)
 
If the integration is convergent, we can integrate or differentiate, with respect to c-numbers, 

according to the usual rules. The c-numbers can be taken out from the symbol  #  # .  

 e)
 
The projector of the vacuum state, in the DOOT is:    
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 We will deal only with the functions which depend on the normal ordered product operators #)ˆˆ(ˆ# AAF  

because the NCSs are expressed in terms of these kinds of functions.   
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 Structure functions );(,  nqp  
 are the moments of a probability distribution 

9
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9 J. P. Gazeau, J. R. Klauder, J. Phys. A: Math. Gen. 32, 123-132 (1999). 
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 Structure functions determine the classification of CSs:  
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 Normalization function = generalized hypergeometric function (GHf), or polynomial (GHp) 
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 Generally, the lowering / raising operators acts on the CSs for systems with infinite energy spectrum    

definition of BG-CSs: 

 

  ;|;|ˆ zzzA  ,     |;ˆ|;  zzz  

A       ,       
2||;|ˆˆ|; zzz    AA                                                      

 

 From  DOOT rules, we get 
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 The practical rule for DOOT: in calculating the expected values in the NCSs representation for the systems 

with infinite energy spectrum, we replace 2||ˆˆ zAA .  
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 The normalization function is obtained from 1;|;   zz : 
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 Using the properties of Â   and Â , the NCSs can be written in matrix form 
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 The projector on the GH-CSs is, using the DOOT 
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 The resolution of the unity operator  
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 Depending on the convergence radius cR , we can have two situations:
10
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 For both situations the moment problem is written using the Heaviside step function:  
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 The integration measure is expressed through Meijer’s G-functions.
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 The weight function must be a nonoscillatory positive defined function and unique.  

 

 The expectation value of an operator Â  in the NCSs representation is 
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 J. R. Klauder, K. A. Penson, J. –M. Sixdeniers, Phys. Rev. A 64, 013817 (2001). 
11 A. M. Mathai, R. K. Saxena, Lect. Notes Math. Vol. 348  (Springer-Verlag, Berlin, 1973). 
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 For mNA ˆˆ   - the integer powers of the particle number operator,    ;|;|ˆ nnnN  
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 The statistics of generalized CSs is revealed by the Mandel parameter: 
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 The Mandel parameter indicates the type of statistics to which GH-CSs are subject:   
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 The type of statistics to which NCSs obey can also be determined by calculating the probability 

distribution of the transition Fock state – NCSs, versus the Poisson distribution: 
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 Mandel, L., Wolf, E., Optical Coherence and Quantum Optics (Cambridge University Press, Cambridge, 1994). 
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3. Mixed (thermal) states 
 

 Mixed state = superposition of pure states ...| ) with a certain probability.  

 

 The mixed (particularly, thermal) states in the canonical equilibrium with environment, at temperature 
1)(  BkT   are described by a statistical operator - density operator.  Z  - partition function 
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 Using the DOOT rules 
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 From dependence of energy  nfEn   there are two categories of systems: 

 

 - with linear spectra,    neenEn    0 , e.g. harmonic, pseudoharmonic, Pöschl-Teller I oscillators. 
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 - with nonlinear spectra, particularly quadratic,    nenneEn    2

0 : Morse, Meixner oscillators.  

 

 We use the Bose-Einstein distribution function:   
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 The density operator of the thermal states for systems with linear spectrum (L), using the DOOT 
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 For nonlinear (quadratic) spectrum we introduced an original ansatz : we develop the linear part of the 

energy exponential, in power series, since in most cases 1 , (notations:.
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 Using the reduced partition function  redNLZ , , without the zero energy term. 
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 Generically, this result can be summarized as follows   
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 Generally, using our original ansatz, for systems with quadratic spectrum, the density operator is 
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 The mixed thermal states in quantum optics are characterized by the Q-distribution function (Husimi’s 

function
14

) = the diagonal elements of the density operator: 
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 The diagonal representation of density operator  
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 The weighting function  ;|| 2

,, zP NLqp  is called P-quasi distribution function, or P-representation of density 

operator. This is a quasi-distribution function, they can be negative in some regions of the complex z  plane. 

 According to our ansatz, we will write the function P in the following manner 

 

     BAzDAzP NLqpANLqp ,;||exp;|| 2

,,

22

,, P   

 

 The final expression for nonlinear P-quasi distribution function 
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 The thermal expectations of operators (the trace does not depend on the base in which it was calculated)  
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 E.g., for mNA ˆˆ   we have         ;ˆ|;;||ˆ 2
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 The trace can be calculated in two ways (the choice being made according to the difficulty of the 

calculations): 
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 Finally, we obtain 
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 II. Using the Fock vectors representation: 
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and we will get exactly the result from the previous formula. 

 In a previous paper we defined and introduced the thermal Mandel parameter, as the counterpart or 

thermal analogue of the usual Mandel parameter  
15
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 Notation for derivatives     redNL
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 The Mandel's thermal parameter is positive,   the corresponding distribution is supra-Poissonian. 

 For systems with linear energy spectra with infinite number of bound states 
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 Consequently, the thermal Mandel parameter is also positive (supra-Poissonian)   0
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 Consequently, the Mandel thermal parameter for the Poisson distribution  n)(P P

n  is zero: 
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 The internal energy per particle of a gas of oscillators with a quadratic energy spectrum. 
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 At the harmonic limit we obtain the average thermal energy of quantum oscillator 
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4. Duality between the generalized BG- and  KP-CSs 
 

 Klauder stated "there are a vast number of CSs sets, which are distinguished from each other by the 

presence of different weight factor sets )(, nqp " .
16

 

 Historically, there are 3 fundamental types of NCSs:  

a) Barut-Girardello coherent states (BG-CSs) = eigenvalues of annihilation operator Â  :      

 BGBG zzz   ;|;|Â  

 b) Klauder-Perelomov coherent states (KP-CSs), by acting of the creation exponential operator (generally, 

the displacement operator) on the vacuum state: 

                                                 
16 J. R. Klauder, The current state of coherent states, The 7th ICSSUR Conference, June 2001, Boston, MA,  arXiv:quant-ph/0110108 

https://arxiv.org/abs/quant-ph/0110108
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 c) Gazeau-Klauder coherent states (GK-CSs) defined in 
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 but they can be deduced from BG-CSs, 

 RJ0  and     : 
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 a.) We define BG-CSs, for the real variable J| :    JJJ ||Â                                                        

 b.) We develop J| as a series of the Fock vectors: 
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 All results for BG-CSs can be transcribed for GK-CSs, using the variable equality:   iexp  Jz .  
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 Using the DOOT technique, we can establish a series of dual properties of NCSs. 

 

 All NCSs can be written as a superposition (development) of Fock vectors: 
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17 J. P. Gazeau and J. R. Klauder, J. Phys. A: Math. Gen. 32, 123-132 (1999). 
18 D. Popov, R. Negrea, M. Popov, Chin. Phys. B, 25, 7, 070301 (2016). 
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 The two structure constants are connected as  
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 This is a first aspect of duality   the normalization functions have inverted coefficients. 
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 The projectors 
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 The integration measures turn out to be 
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 The consequences of the completeness relations, and using the DOOT rules, we were able to highlight 

(discover) the following new integrals, involving hypergeometric and Meijer's G functions:
19
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 To satisfy the completeness relation, the following integrals must be fulfilled: 
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for the KP-CSs                   
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 In the DOOT formalism, inside the #  # , the operators are treated as simple c-numbers, and can be replaced 

by some constants,    these integrals become "purely mathematical".  

 By specifying the indices p  and q , as well as the real numbers   p

ia
1

 and  q

jb
1
, a whole series of particular 

integrals can be deduced from these general integrals.  
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 This represents a real feed-back: in the elaboration of the theory of CSs, mathematical notions were fully 

used. Reciprocally, from the properties of CSs, many results were revealed (especially integrals). 
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 Example. For canonical CSs, if 

  aA ˆˆ  and   ˆ ˆ aA - ,   the integral used in quantum optics:
20
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 For thermal states, the differences / dualities between BG-CSs and KP-CSs appear in the expressions of the 

Q- and P- distribution functions. 
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 Conclusion: the duality between BG-CSs and KP-CSs , as NCSs consists, in principle, of the mutual 

interchanges of some entities, as follows: 
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5. Concluding remarks 

 
 The paper is a synthesis regarding a new approach of the NCSs which depends essentially on the choice of 

structure constants.  

 

Our important contributions from the paper regarding NCSs are: 

 

 Introducing a new procedure for systems with known energy spectrum, to obtain generalized NCSs, 

without needing to know the quantum generators. 

 

 Definition and use of special creation / annihilation operators, connected with the energy 

eigenvalues, which generates NCSs. 

 

 Introducing a new technique of normal ordering of creation / annihilation operators (DOOT). 

  

 Rediscovering known results, but also obtaining  some new results (e.g. integrals involving 

hypergeometric and Meijer G functions), using the DOOT. 

 

 Introducing an ansatz applicable to systems with a quadratic energy spectrum. 

 

 Introducing the thermal Mandel parameter, as a thermal counterpart of usual Mandel parameter. 

 

 Revealing in much more detail the dualism between the BG- and KP- CSs. 

 

 

Thank you for your attention !               Хвала на пажњи ! 


