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where a(t) is a cosmic scale factor which describes the evolution (in

time) of Universe and parameter k which describes the curvature of the
space.
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General theory of relativity

B GTR is based on Einstein-Hilbert action:

- F.' 27 .
S‘/ TerGor TLm) Vg d'x

where R is scalar curvature, g = det(g,. ) is determinant of metric ten-
sor, A is cosmological constant and £, is Lagrangian of matter.
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General theory of relativity

B GTR is based on Einstein-Hilbert action:

B R 2A .
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where R is scalar curvature, g = det(g,. ) is determinant of metric ten-
sor, A is cosmological constant and £, is Lagrangian of matter.

B The variation of the action S we obtain equations of motion:
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General theory of relativity

B GTR is based on Einstein-Hilbert action:

B R 2A .
s_/ o GCA+£m)\/ ox

where R is scalar curvature, g = det(g,. ) is determinant of metric ten-
sor, A is cosmological constant and £, is Lagrangian of matter.

B The variation of the action S we obtain equations of motion:
RW—%RQW+/\QN,,:87rG7],,U, c=1 (2)

where T, is the energy momentum tensor, g,.. is metric tensor, R, is
Ricci tensor and R is scalar curvature.
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General theory of relativity

B GTR is based on Einstein-Hilbert action:

B R 2A .
s_/ o GCA+£m)\/ ox

where R is scalar curvature, g = det(g,. ) is determinant of metric ten-
sor, A is cosmological constant and £, is Lagrangian of matter.

B The variation of the action S we obtain equations of motion:
RW—%RQW+/\QN,,:87rG7],,U, c=1 (2)

where T, is the energy momentum tensor, g,.. is metric tensor, R, is
Ricci tensor and R is scalar curvature.
B The energy momentum tensor for ideal fluid (matter in cosmology) is

T = diag(—p goo, 911P, g2, gs3p), (3)

where p is energy density and p is pressure.

Zoran Raki¢ On nonlocal de Sitter gravity and its cosmological solutions



General theory of relativity 3

Zoran Raki¢ On nonlocal de Sitter gravity and its cosmological solutions



General theory of relativity 3

Zoran Raki¢ On nonlocal de Sitter gravity and its cosmological solutions



General theory of relativity 3

B Since in the cosmology equation of state is p = wp, where wis a
constant, from the conservation law we obtain p = Ca—3(*").
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General theory of relativity

B Since in the cosmology equation of state is p = wp, where wis a
constant, from the conservation law we obtain p = Ca=3("+%),

B Einstein equation implies Friedmann equations

47 G 32_87rG_£
T3 P2

a /\
a~ 3 et (5
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General theory of relativity

B Since in the cosmology equation of state is p = wp, where wis a
constant, from the conservation law we obtain p = Ca=3("+%),

B Einstein equation implies Friedmann equations

E 4rG /\ a\? 8rG k
I+ f (5) - .

a

3 P 2

B The great success of GRT in describing:
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General theory of relativity 3

B Since in the cosmology equation of state is p = wp, where wis a
constant, from the conservation law we obtain p = Ca—3(*").

B Einstein equation implies Friedmann equations
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B The great success of GRT in describing:

the precession of Merkur perihelion,

the bending of light in gravitational fields,
the gravitational redshift of light

the gravitational lensing,
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General theory of relativity 3

B Since in the cosmology equation of state is p = wp, where wis a
constant, from the conservation law we obtain p = Ca—3(*").

B Einstein equation implies Friedmann equations

-a;__@( +3)+A éz_% _£+é
2~ 3 WPTeoRItT g a) - 3/ 23

B The great success of GRT in describing:

the precession of Merkur perihelion,

the bending of light in gravitational fields,
the gravitational redshift of light

the gravitational lensing,

and other ...
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Motivation 4

B Great cosmological observational discoveries of 20th century:
high orbital speeds of galaxies in clusters and stars in spiral galaxies,
accelerated expansion of the Universe
showed that they could not be explained by GTR without additional
matter
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Motivation 4

B Great cosmological observational discoveries of 20th century:
high orbital speeds of galaxies in clusters and stars in spiral galaxies,
accelerated expansion of the Universe
showed that they could not be explained by GTR without additional
matter

B Problems related to the Big Bang singularity.

There are two natural approaches:
B Dark matter and energy
B Modification of Einstein theory of gravity, i.e. modification of its
Lagrangian £
R —2A

= 16xG ™ Gls
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Approaches to the problem 5

Dark matter and energy
B Dark matter is responsible for orbital speeds in galaxies, and dark
energy is responsible for accelerated expansion of the Universe.
B If Einstein theory of gravity can be applied to the whole Universe then
about 5% of ordinary matter, 27% of dark matter
and 68% of dark energy.
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Approaches to the problem 5

Dark matter and energy

B Dark matter is responsible for orbital speeds in galaxies, and dark
energy is responsible for accelerated expansion of the Universe.

B If Einstein theory of gravity can be applied to the whole Universe then

about 5% of ordinary matter, 27% of dark matter

and 68% of dark energy.

B It means that 95% of total matter, or energy, represents dark side of the
Universe, which nature is unknown.

Motivation for modification of Einstein theory of gravity
B The validity of General Relativity on cosmological scale is not confirmed.

B Dark matter and dark energy are not yet detected in the laboratory
experiments.
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Modification of Einstein theory of gravity

Different approaches to modification of Einstein theory of gravity
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Modification of Einstein theory of gravity

Different approaches to modification of Einstein theory of gravity
From action
H 2A

- 4
S= 16 — +£m)~/ a*x

we have field equations
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Modification of Einstein theory of gravity

Different approaches to modification of Einstein theory of gravity
From action
H 2A

o 4
S= | (Geag +Lm) V-9 d*
we have field equations
R;u/ - 15 Rguy 4 /\guy = 871'67-“1/7 c=1.

where T, is stress-energy tensor, g,. is the metric tensor, R,.. is Ricci
tensor and R is scalar curvature.
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Modification of Einstein theory of gravity

Different approaches to modification of Einstein theory of gravity
From action

_ H 2A 4
S= | (Ferg +Ln) Vg '
we have field equations
R — 15 Rguw + Aguv = 81GT,w, c=1.
where T, is stress-energy tensor, g,. is the metric tensor, R,.. is Ricci

tensor and R is scalar curvature.

B f(R) modified gravity
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Modification of Einstein theory of gravity

Different approaches to modification of Einstein theory of gravity
From action

B H 2A 4
s_/ e +Lm) V=g d*x
we have field equations
R;u/ - 15 Rguy 4 /\guy = 871'67-“1/7 c=1.

where T, is stress-energy tensor, g,. is the metric tensor, R,.. is Ricci
tensor and R is scalar curvature.

B f(R) modified gravity

SE / f(R +cm\ﬁd4
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Modification of Einstein theory of gravity

B Gauss-Bonnet modified gravity

e / R+ag+£m)\@d4)“ G =R —4R"R,. + R**" Rap,., J
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Modification of Einstein theory of gravity

B Gauss-Bonnet modified gravity

e / R+ag+£m)\@d4)“ G =R —4R"R,. + R**" Rap,., J

B nonlocal modified gravity

[ F(R, R, A, 00, ) .
S*/( 167G +£”’)V’gdx J
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Modification of Einstein theory of gravity

B Gauss-Bonnet modified gravity

e / R+ag+£m)\@d4x, G =R —4R"R,. + R**" Rap,., J

B nonlocal modified gravity

[ F(R, R, A, 00, ) .
S*/( 167G +£”’)V’gdx J

B Under nonlocal modification of gravity we understand replacement of the
scalar curvature R in the Einstein-Hilbert action by a suitable function
F(R,0), where O = V, V" is d’Alembert operator and V,, denotes the
covariant derivative
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Nonlocal modified gravity 8

B Let M be a four-dimensional pseudo-Riemannian manifold with metric
(guv) of signature (1,3). We consider a class of nonlocal gravity models
without matter, given by the following action
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Nonlocal modified gravity 8

B Let M be a four-dimensional pseudo-Riemannian manifold with metric
(guv) of signature (1,3). We consider a class of nonlocal gravity models
without matter, given by the following action

s= [ (Gorg + MAFO)GA) V=g a'x

where 7(0) = » _ 0" is an analytic function of 0, and A is cosmolo-
n=0
gical constant.
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s= [ (Gorg + MAFO)GA) V=g a'x

where 7(0) = » _ 0" is an analytic function of 0, and A is cosmolo-
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gical constant.

B In the case of FRW metric the scalar curvature and d’Alambert operator
are given by
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Nonlocal modified gravity 8

B Let M be a four-dimensional pseudo-Riemannian manifold with metric
(guv) of signature (1,3). We consider a class of nonlocal gravity models
without matter, given by the following action

s= [ (Gorg + MAFO)GA) V=g a'x

where 7(0) = » _ 0" is an analytic function of 0, and A is cosmolo-
n=0
gical constant.

B In the case of FRW metric the scalar curvature and d’Alambert operator
are given by
6(aad+ & + k)

: OR=-R—-3HR, H=2.
a a

R =
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Equations of motion 9

A
Theorem 2 (EOM) The equations of motion for system given by S

G,u,u = 07 (4)
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Equations of motion 9

Theorem 2 (EOM) The equations of motion for system given by S

é,u, v — 0 5 (4)
where

e _ G[Ll/ + /\Q;w 1 1
G = 167G ZQWH(R)]:(D)Q(R) + R W — K., W+ 2Qul~

o) n—1
Qe =315 Sun (AT G(R))

n=1 1=0
Ko =V, V. — g0,
S.w(A B) = 9., V*AV.B -2V ,AV,B + 9,,A0B,
W = #/(R)F(D)G(R) + G (R)F(O)H(R).
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Equations of motion 9

Theorem 2 (EOM) The equations of motion for system given by S

G,u,u = 07 (4)
where
~ _ G[Ll/ aF /\Q;w 1 _ 1
Gy = 225 — S HRIFD)G(R) + R W = K W+ 5,

o) n—1
Qe =315 Sun (AT G(R))

n=1 1=0
Ko =V, V. — g0,
S.w(A B) = 9., V*AV.B -2V ,AV,B + 9,,A0B,
W = #/(R)F(D)G(R) + G (R)F(O)H(R).

B Let us note that V*G,, = 0.
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Equations of motion 9

Theorem 2 (EOM) The equations of motion for system given by S

G,u,u = 07 (4)
where
~ _ G[Ll/ aF /\Q;w _ 1 _ 1
Gy = 225 — S HRIFD)G(R) + R W = K W+ 5,

o) n—1
Qe =315 Sun (AT G(R))

n=1 1=0
Ko =V, V. — g0,
S.w(A B) = 9., V*AV.B -2V ,AV,B + 9,,A0B,
W = #/(R)F(D)G(R) + G (R)F(O)H(R).

B Let us note that V*G,, = 0.

B EOM are invariant on the replacement of functions G and H in S.
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Equations of motion (EOM)

B If we take
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Equations of motion (EOM)

B If we take
e G(R) = H(R) and

@ G(R) be an eigenfunction of the corresponding d’Alembert-Beltrami [J
operator: JG(R) = qG(R), and consequently F(O)G(R) = F(q)G(R) ,
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Equations of motion (EOM)

H If we take
e G(R) = H(R) and
@ G(R) be an eigenfunction of the corresponding d’Alembert-Beltrami [J
operator: OG(R) = qG(R), and consequently 7(O)G(R) = F(q)G(R) ,

Gov + NG — L F(@F +2F(@)(Rus — K) GG (5)

1
t5F (9)S. (P, P) =0.
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Equations of motion (EOM)

H If we take
e G(R) = H(R) and
@ G(R) be an eigenfunction of the corresponding d’Alembert-Beltrami [J
operator: OG(R) = qG(R), and consequently 7(O)G(R) = F(q)G(R) ,

Gov + NG — L F(@F +2F(@)(Rus — K) GG (5)

1
t5F (9)S. (P, P) =0.

H If we suppose that the manifold M is endowed with FRW metric, then we
have just linearly independent equations: trace and 00-equation.
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Models of Nonlocal gravity

B Earlier, we considered models of nonlocal gravity without matter which
are described by the action,

s= [ (org + MAFO)ER) v=a d'x, J
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Models of Nonlocal gravity

B Earlier, we considered models of nonlocal gravity without matter which
are described by the action,

s= [ (org + MAFO)ER) v=a d'x, J

for the following cases:
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for the following cases:
1. #(R) =R, G(R) = R
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Models of Nonlocal gravity

B Earlier, we considered models of nonlocal gravity without matter which
are described by the action,

s= [ (org + MAFO)ER) v=a d'x, J

for the following cases:
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Models of Nonlocal gravity

B Earlier, we considered models of nonlocal gravity without matter which
are described by the action,

s= [ (org + MAFO)ER) v=a d'x, J

for the following cases:
1. #(R) =R, G(R) = R

2. H(R)=R ', G(R) =

3. #(R) = AP, G(R) = RY
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Models of Nonlocal gravity

B Earlier, we considered models of nonlocal gravity without matter which
are described by the action,

s= [ (org + MAFO)ER) v=a d'x, J

for the following cases:

1. H(R)=R,6(R) =R
2. H(R) =R ', G(R) =
3. H(R)=RP,G(R) = RY

4. H(R) = (R+ Ro)", G(R) = (R+ Ro)",
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Models of Nonlocal gravity

B Earlier, we considered models of nonlocal gravity without matter which
are described by the action,

s= [ (org + MAFO)ER) v=a d'x, J

for the following cases:
1. #(R) =R, G(R) = R

2. H(R)=R ', G(R) =
3. H(R) = RP,G(R) = R?
4. H(R) = (R+ Ro)", G(R) = (R+ Ro)",

5. R = const.
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Earlier models

1. model: #(R) = R, G(R) = R.
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Earlier models

1. model: #(R) = R, G(R) = R.
@ Using ansatz O R = r R + s we found three types of non-singular
bounced solutions for the scalar factor a(t) = ap(ce™ + re~ ).
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@ Solutions exist for all three values of parameter k = 0, £1, under certain
conditions on function F(O), and parameters o, 7, \, A, k.
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Earlier models

1. model: #(R) = R, G(R) = R.
@ Using ansatz O R = r R + s we found three types of non-singular
bounced solutions for the scalar factor a(t) = ap(ce™ + re~ ).

@ Solutions exist for all three values of parameter k = 0, £1, under certain
conditions on function F(O), and parameters o, 7, \, A, k.
@ Obtained results generalize known cases in literature: in the first case

a(t) = ap cosh (1/5t), in the second and third case for k = 0 we obtain

de Sitter solution.
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Earlier models

1. model: H(R) =R, G(R) = R.
@ Using ansatz O R = r R + s we found three types of non-singular
bounced solutions for the scalar factor a(t) = ap(ce™ + re~ ).
@ Solutions exist for all three values of parameter k = 0, £1, under certain
conditions on function F(O), and parameters o, 7, \, A, k.
@ Obtained results generalize known cases in literature: in the first case

a(t) = ap cosh (1/5t), in the second and third case for k = 0 we obtain

de Sitter solution.
@ All obtained solutions satisfy &(t) = Aa(t) > 0, i.e. are consistent with
observational data.
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observational data.
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@ Non-locality, R~'F(0)R, is invariant to transfor. R — cR, ¢ € R*.
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bounced solutions for the scalar factor a(t) = ap(ce™ + re~ ).
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conditions on function F(O), and parameters o, 7, \, A, k.

@ Obtained results generalize known cases in literature: in the first case
a(t) = ap cosh (1/5t), in the second and third case for k = 0 we obtain
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@ All obtained solutions satisfy &(t) = Aa(t) > 0, i.e. are consistent with
observational data.

2. model: H(R)=R~', G(R) =R.
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@ there are cosmological solutions of form a(t) = ao|t — |, in the case
k=0,
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@ Using ansatz O R = r R + s we found three types of non-singular
bounced solutions for the scalar factor a(t) = ap(ce™ + re~ ).

@ Solutions exist for all three values of parameter k = 0, £1, under certain
conditions on function F(O), and parameters o, 7, \, A, k.

@ Obtained results generalize known cases in literature: in the first case
a(t) = ap cosh (1/5t), in the second and third case for k = 0 we obtain
de Sitter solution.

@ All obtained solutions satisfy &(t) = Aa(t) > 0, i.e. are consistent with
observational data.

2. model: H(R)=R~', G(R) =R.
@ Non-locality, R~'F(0)R, is invariant to transfor. R — cR, ¢ € R*.

@ there are cosmological solutions of form a(t) = ao|t — |, in the case
k=0,fora#0,1/2 and3«a € 1 + 2N, in cases k # 0, for a = 1.
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Earlier models

1. model: #(R) = R, G(R) = R.
@ Using ansatz O R = r R + s we found three types of non-singular
bounced solutions for the scalar factor a(t) = ap(ce™ + re~ ).

@ Solutions exist for all three values of parameter k = 0, £1, under certain
conditions on function F(O), and parameters o, 7, \, A, k.
@ Obtained results generalize known cases in literature: in the first case

a(t) = ap cosh (1/5t), in the second and third case for k = 0 we obtain
de Sitter solution.
@ All obtained solutions satisfy &(t) = Aa(t) > 0, i.e. are consistent with
observational data.
2. model: H(R) =R, G(R) = R.
@ Non-locality, R~'F(0)R, is invariant to transfor. R — cR, ¢ € R*.

@ there are cosmological solutions of form a(t) = ao|t — |, in the case
k=0,fora#0,1/2 and3«a € 1 + 2N, in cases k # 0, for a = 1.

@ Case a(t) = |t — fo| for Kk = —1 corresponds to Milne’s model.
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Earlier models

3. model: H(R) = RP, G(R)=R,p>q.
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@ We considered case with scale factor in the form a(t) = ao exp(— % t%)
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Earlier models

3. model: 1(R)=R", G(R)=R,p>q.
@ We considered case with scale factor in the form a(t) = ao exp(— % t%)

@ For p = g = 1 there are infinite number of solutions, and constants v and
A satisfy v = —12A.
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3. model: 1(R)=R", G(R)=R,p>q.
@ We considered case with scale factor in the form a(t) = ao exp(— % t%)

@ For p = g = 1 there are infinite number of solutions, and constants v and
A satisfy v = —12A.

@ In other cases we proved existence of unique solution, for arbitrary
v € R.
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@ We considered case with scale factor in the form a(t) = ao exp(— % t%)

@ For p = g = 1 there are infinite number of solutions, and constants v and
A satisfy v = —12A.

@ In other cases we proved existence of unique solution, for arbitrary
~v € R. We explicitly found solutions for 1 < g < p < 4.
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3. model: 1(R)=R", G(R)=R,p>q.
@ We considered case with scale factor in the form a(t) = ao exp(— % t%)

@ For p = g = 1 there are infinite number of solutions, and constants v and
A satisfy v = —12A.

@ In other cases we proved existence of unique solution, for arbitrary
~v € R. We explicitly found solutions for 1 < g < p < 4.

4. model: 1(R) = (R+ Ry)", G(R) = (R+ Ro)™.
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3. model: 1(R)=R", G(R)=R,p>q.
@ We considered case with scale factor in the form a(t) = ao exp(— % t%)

@ For p = g = 1 there are infinite number of solutions, and constants v and
A satisfy v = —12A.

@ In other cases we proved existence of unique solution, for arbitrary
~v € R. We explicitly found solutions for 1 < g < p < 4.
4. model: H(R) = (R+ Ro)™, G(R) = (R+ Ro)".

@ We considered scale factor and ansatz of the form

a(t) = At" exp(—%tz) and  O(R+ Ro)™ = r(R+ Ro)™.
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3. model: 1(R)=R", G(R)=R,p>q.
@ We considered case with scale factor in the form a(t) = ao exp(— % t%)

@ For p = g = 1 there are infinite number of solutions, and constants v and
A satisfy v = —12A.

@ In other cases we proved existence of unique solution, for arbitrary
~v € R. We explicitly found solutions for 1 < g < p < 4.

4. model: H(R) = (R+ Ro)™, G(R) = (R+ Ro)".
@ We considered scale factor and ansatz of the form

a(t) = At" exp(—%tz) and  O(R+ Ro)™ = r(R+ Ro)™.

@ Using this ansatz we obtined the followinf five solutions:
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3. model: 1(R)=R", G(R)=R,p>q.
@ We considered case with scale factor in the form a(t) = ao exp(— % t%)

@ For p = g = 1 there are infinite number of solutions, and constants v and
A satisfy v = —12A.

@ In other cases we proved existence of unique solution, for arbitrary
~v € R. We explicitly found solutions for 1 < g < p < 4.

4. model: H(R) = (R+ Ro)™, G(R) = (R+ Ro)".
@ We considered scale factor and ansatz of the form

a(t) = At" exp(—%tz) and  O(R+ Ro)™ = r(R+ Ro)™.

@ Using this ansatz we obtined the followinf five solutions:

© r=my,n=0 Ro=~, m=1}
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3. model: 1(R)=R", G(R)=R,p>q.
@ We considered case with scale factor in the form a(t) = ao exp(— % t%)

@ For p = g = 1 there are infinite number of solutions, and constants v and
A satisfy v = —12A.

@ In other cases we proved existence of unique solution, for arbitrary
~v € R. We explicitly found solutions for 1 < g < p < 4.

4. model: H(R) = (R+ Ro)™, G(R) = (R+ Ro)".
@ We considered scale factor and ansatz of the form

a(t) = At" exp(—%tz) and  O(R+ Ro)™ = r(R+ Ro)™.

@ Using this ansatz we obtined the followinf five solutions:
© r=my,n=0 Ro=~, m=1}
© r=my,n=0 Ro=73, m=1

Zoran Raki¢ On nonlocal de Sitter gravity and its cosmological solutions



Earlier models

3. model: 1(R)=R", G(R)=R,p>q.
@ We considered case with scale factor in the form a(t) = ao exp(— % t%)

@ For p = g = 1 there are infinite number of solutions, and constants v and
A satisfy v = —12A.

@ In other cases we proved existence of unique solution, for arbitrary
~v € R. We explicitly found solutions for 1 < g < p < 4.

4. model: H(R) = (R+ Ro)™, G(R) = (R+ Ro)".
@ We considered scale factor and ansatz of the form

a(t) = At" exp(—%tz) and  O(R+ Ro)™ = r(R+ Ro)™.

@ Using this ansatz we obtined the followinf five solutions:
© r=my,n=0 Ro=~, m=1}
© r=my,n=0 Ro=73, m=1

o r=my,n=3%,R=%7 m=1
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3. model: 1(R)=R", G(R)=R,p>q.
@ We considered case with scale factor in the form a(t) = ao exp(— % t%)

@ For p = g = 1 there are infinite number of solutions, and constants v and
A satisfy v = —12A.

@ In other cases we proved existence of unique solution, for arbitrary
~v € R. We explicitly found solutions for 1 < g < p < 4.

4. model: H(R) = (R+ Ro)™, G(R) = (R+ Ro)".
@ We considered scale factor and ansatz of the form

a(t) = At" exp(—%tz) and  O(R+ Ro)™ = r(R+ Ro)™.
@ Using this ansatz we obtined the followinf five solutions:

© r=my,n=0 Ro=~, m=1}

o r=my n=0 Ro=% m=1

o r=my,n=3%,R=%7 m=1

1 1
° r:my,n:E,Rozsy,m:_Z
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3. model: 1(R)=R", G(R)=R,p>q.
@ We considered case with scale factor in the form a(t) = ao exp(— % t%)

@ For p = g = 1 there are infinite number of solutions, and constants v and
A satisfy v = —12A.

@ In other cases we proved existence of unique solution, for arbitrary
~v € R. We explicitly found solutions for 1 < g < p < 4.

4. model: 1(R) = (R+ Ry)", G(R) = (R+ Ro)™.

@ We considered scale factor and ansatz of the form

a(t) = At" exp(—ﬁtz) and  O(R+ Ry)" =r(R+ Ro)™
@ Using this ansatz we obtined the followinf five solutions:
© r=my,n=0 Ro=~, m=1}
© r=my,n=0 Ro=73, m=1

o r=my,n=3%,R=%7 m=1

© r=my,n=%, Ry=8y, m=-}
_ amst 1
° r=mqy, n= ,‘?0_37,m_E
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Earlier models

4. model: #(R) = (R+ Ro)™, G(R) = (R+ Ro)™.
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4. model: #(R) = (R+ Ro)™, G(R) = (R+ Ro)™.

@ Inthecase n=0, m=
and F'(%).

we found unique solution for arbitrary F(3)
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Earlier models

@ In the case n = 0, m = 5 we found unique solution for arbitrary 7 ()
and F'(%).
@ Inthe case n = %, m = } we found unique solution for 7(%) and

F'(%) which satisfy A = —Z+.

4. model: #(R) = (R+ Ro)™, G(R) = (R+ Ro)™.
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@ In the case n = 0, m = 5 we found unique solution for arbitrary 7 ()
and F'(%).
@ Inthe case n = %, m = } we found unique solution for 7(%) and

F'(%) which satisfy A = —Z+.

4. model: #(R) = (R+ Ro)™, G(R) = (R+ Ro)™.

@ Inthe case n =}, m = —1 there is no solutions of EOM.
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@ In the case n = 0, m = 5 we found unique solution for arbitrary 7 ()
and F'(%).
@ Inthe case n = %, m = } we found unique solution for 7(%) and

F'(%) which satisfy A = —Z+.

4. model: #(R) = (R+ Ro)™, G(R) = (R+ Ro)™.

@ Inthe case n =}, m = —1 there is no solutions of EOM.

5. model: R = const.
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Earlier models

@ In the case n = 0, m = 5 we found unique solution for arbitrary 7 ()
and F'(%).
@ Inthe case n = %, m = } we found unique solution for 7(%) and

F'(%) which satisfy A = —Z+.

4. model: #(R) = (R+ Ro)™, G(R) = (R+ Ro)™.

@ Inthe case n =}, m = —1 there is no solutions of EOM.

5. model: R = const.

@ If R = Ry > 0, then there exist non-singlar solutions for all three
values of parameter k = 0, +1, which are bounced in the cases k =0, 1.
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@ In the case n = 0, m = 5 we found unique solution for arbitrary 7 ()
and F'(%).
@ Inthe case n = %, m = } we found unique solution for 7(%) and

F'(%) which satisfy A = —Z+.

4. model: #(R) = (R+ Ro)™, G(R) = (R+ Ro)™.

@ Inthe case n =}, m = —1 there is no solutions of EOM.

5. model: R = const.

@ If R = Ry > 0, then there exist non-singlar solutions for all three
values of parameter k = 0, +1, which are bounced in the cases k =0, 1.

@ If R = Ry = 0 then exists Milne’s solution a(t) = | + Z|.
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Earlier models

4. model: #(R) = (R+ Ro)™, G(R) = (R+ Ro)™.

@ In the case n = 0, m = 5 we found unique solution for arbitrary 7 ()

and F'(%).

@ Inthe case n = % m= % we found unique solution for 7(3) and
F'(3) which satisfy A = —Z.

@ Inthe case n =}, m = —1 there is no solutions of EOM.

5. model: R = const.

@ If R = Ry > 0, then there exist non-singlar solutions for all three
values of parameter k = 0, +1, which are bounced in the cases k =0, 1.

@ If R = Ry = 0 then exists Milne’s solution a(t) = | + Z|.
@ If R = Ry < 0, then there exists non-trivial singular cyclic

solution a(t) = /72| cos 3(1/— Rt — )| za k = —
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4. model: #(R) = (R+ Ro)™, G(R) = (R+ Ro)™.

)"
@ Inthe case n = 0, m = } we found unique solution for arbitrary 7 (%)
and F'(%).
@ Inthe case n = % m= % we found unique solution for 7(3) and
F'(3) which satisfy A = —Z.

@ Inthe case n =}, m = —1 there is no solutions of EOM.

5. model: R = const.

@ If R = Ry > 0, then there exist non-singlar solutions for all three
values of parameter k = 0, +1, which are bounced in the cases k =0, 1.

@ If R = Ry = 0 then exists Milne’s solution a(t) = | + Z|.
@ If R = Ry < 0, then there exists non-trivial singular cyclic
solution a(t) = /72| cos 3(1/— Rt — )| za k = —

@ Case Ry = 0 is considered as an limit case when Ry — 0, and
in both cases Ay < 0 and Ry > 0, we obtain Minkowski space.
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Model H(R) = G(R) = VR — 2A
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B Recently, we have considered the nonlocal gravity model with cosmo-
logical constant A and without matter, given by

(MS) S:ﬁ/(F?—2/\+x/R—2A]f(D)\/R—2A)\/jgd4x7
u M

where F(O) =1+ Y i Hh 0"+ 1,07
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B Recently, we have considered the nonlocal gravity model with cosmo-
logical constant A and without matter, given by

(MS) S:ﬁ/(F?—2/\+x/R—2A]f(D)\/R—2A)\/jgd4x7
u M

where F(O) =1+ Y i Hh 0"+ 1,07
Hltisa since the EOM (5), for GG(R) = vR — 2, is simpli-
fied to

(Guv +Agw) (1 + F(q)) + %f’(q)sw(s/ﬂ — 2N\, VR —2MN) =0, (6)

where we take g = ¢A.
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B Recently, we have considered the nonlocal gravity model with cosmo-
logical constant A and without matter, given by

(MS) S:ﬁ/(F?—2/\+x/R—2A]f(D)\/R—2A)\/jgd4x7
u M

where F(O) =1+ Y i Hh 0"+ 1,07
Hltisa since the EOM (5), for GG(R) = vR — 2, is simpli-
fied to

(Guv +Agw) (1 + F(q)) + %f’(q)sw(s/ﬂ — 2N\, VR —2MN) =0, (6)

where we take g = ¢A.
B ltis evident that EOM (6) are satisfied if 7(q) = —1 and F'(g) = 0.
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B Recently, we have considered the nonlocal gravity model with cosmo-
logical constant A and without matter, given by

(MS) S:ﬁ/(F?—2/\+x/R—2A]f(D)\/R—2A)\/jgd4x7
u M

where F(O) =1+ 3 f, 0"+ > f, 0"
Hltisa since the EOM (5), for GG(R) = vR — 2, is simpli-
fied to

)Su(VR—2A,v/R—2N) =0, (6)

1

(Guv +AGur) (1 + F(q)) + 5. F
where we take g = ¢A.

B |t is evident that EOM (6) are satisfied if 7(q) = —1 and F'(q) =

B One such nonlocal operator F(O) is

=1+ SR (@)= 2e(Gef 1 8e8). avo

Zoran Raki¢ On nonlocal de Sitter gravity and its cosmological solutions



Model H(R) = G(R) = VR — 2A
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1. Cosmological solution in the flat Universe (k = 0)
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1. Cosmological solution in the flat Universe (k = 0)

1.1. Solutions of the form a(t) = At" &7
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1. Cosmological solution in the flat Universe (k = 0)

1.1. Solutions of the form a(t) = At" &7
B There are two solutions:

3 3
ar(t) = At3 efil’, F(=sM =1, FI(=3N) =0,

a(t) = Aebt, F(=A) = -1, F'(=A) =0.
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1. Cosmological solution in the flat Universe (k = 0)

1.1. Solutions of the form a(t) = At" &7
B There are two solutions:

a(t)=Ats etil J-'(—;/\) =1, ]-"(—%A) =0,
a(t) = Aest F(=A) = —1, F'(=A) =0.

1.2. New solutions of the form a(t) = (« €M + g e~ )Y
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1. Cosmological solution in the flat Universe (k = 0)

1.1. Solutions of the form a(t) = At" &7
B There are two solutions:

a(t)=Ats etil J-'(—;/\) =1, ]-"(—%A) =0,
a(t) = Aest F(=A) = —1, F'(=A) =0.

1.2. New solutions of the form a(t) = (« €M + g e~ )Y
B In this case for a8 # 0, R # 2A and q # 0 we have solutions if
2 3 3

_2 “SA a=44/3A
=3 93 8
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Model H(R) = G(R) = VR — 2A

1. Cosmological solution in the flat Universe (k = 0)

1.1. Solutions of the form a(t) = At" &7
B There are two solutions:

a(t)=Ats etil J-'(—;/\) =1, ]-"(—%A) =0,
a(t) = Aest F(=A) = —1, F'(=A) =0.

1.2. New solutions of the form a(t) = (« €M + g e~ )Y
B In this case for a8 # 0, R # 2A and q # 0 we have solutions if

2 3 3
=z, =ZA,  A=44/=A.
T3 97% 8
B When af # 0, we have the following two special solutions:
as(t) = A cosh (/A 1), FCay =1, 73 =0,
8 8 8
ay(t) = A sinh3 (,/g/\ t), f(g/\) =1, ]—"(gl\) =0.
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Model H(R) = G(R) = VR — 2A
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1. Cosmological solution in the flat Universe (k = 0)
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Model H(R) = G(R) = VR — 2A

1. Cosmological solution in the flat Universe (k = 0)
1.3. New solutions of the form a(t) = (o sin A\t + 8 cos A\t)?
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Model H(R) = G(R) = VR — 2A

1. Cosmological solution in the flat Universe (k = 0)
1.3. New solutions of the form a(t) = (o sin A\t + 8 cos A\t)?

B For oo # 0 and 3 # 0 there are only possibility for v, v = % Taking 8 = *a,
and A = a%, we have the following two solutions:

as(t) = A(1+sin (2,/-%/\ t))%, ]-'(g/\) =1, ]-"(gA) =0,
as(t) = A(1—sin (2,/-%/\ t))%, J—‘(g/\) =1, J—"(g/\) =0.
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Model H(R) = G(R) = VR — 2A

1. Cosmological solution in the flat Universe (k = 0)
1.3. New solutions of the form a(t) = (o sin A\t + 8 cos A\t)?

B For oo # 0 and 3 # 0 there are only possibility for v, v = % Taking 8 = *a,
and A = a%, we have the following two solutions:

. . 3 : 3.\ 1SN
as(t) = A(1+sin (2¢/~gA 0)°, F(gh =1, F/(5N =0,
. 3 3 3 3
as(t) = A (1 —sin (21/—5A 0)°, F(gh) =1, F (5N =0.
B For a = 0 or 8 = 0, we have also two cosmological solutions with v = %:

ar(t) = A sin’ (‘/—g/\ f), ]—‘(gA) =1, ]—"(gA) —o,

ag(t) = A cos5 ( —g/\ 1), J-‘(g/\) = —1, f’(g/\) =0.
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2. Cosmological solution in the open and closed Universe (k = +1)
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2. Cosmological solution in the open and closed Universe (k = +1)

2.1. Solutions of the form a(t) = A etVit, (k = £1)
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Model H(R) = G(R) = VR — 2A

2. Cosmological solution in the open and closed Universe (k = +1)

2.1. Solutions of the form a(t) = A etVit, (k = £1)
B Fora#0,8=0o0ra=0,3 # 0 we have the following solution:

A 1 1
ag(z)eriﬁ‘, k=+1, F(zN)=-1, F(3N) =0, A>0.
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2. Cosmological solution in the open and closed Universe (k = +1)

2.1. Solutions of the form a(t) = A etVit, (k = £1)
B Fora#0,8=0o0ra=0,3 # 0 we have the following solution:

A 1 1
ag(z)eriﬁ‘, k=+1, F(zN)=-1, F(3N) =0, A>0.
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Model H(R) = G(R) = VR — 2A

2. Cosmological solution in the open and closed Universe (k = +1)

2.1. Solutions of the form a(t) = A etVit, (k = £1)
B Fora#0,8=0o0ra=0,3 # 0 we have the following solution:

A 1 1
ag(z)eriﬁ‘, k=+1, F(zN)=-1, F(3N) =0, A>0.

2.2. New solutions of the form a(t) = (a eM + g e~ )7, (k = £1)
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Model H(R) = G(R) = VR — 2A

2. Cosmological solution in the open and closed Universe (k = +1)
2.1. Solutions of the form a(t) = A etVit, (k = £1)
B Fora#0,8=0o0ra=0,3 # 0 we have the following solution:

A 1 1
ag(z)eriﬁ‘, k=+1, F(zN)=-1, F(3N) =0, A>0.

2.2. New solutions of the form a(t) = (a eM + g e~ )7, (k = £1)

B Fora#0, 8#0, R#2A, g # 0 there are two following cosmological
solutions:

aro(t) = A cosh? (ﬂ/g/\ £), k=41, ]—'(%A) =1, F (5N =0,
1 1

ar1(t) = A sinhz (‘/2’\ ), k==£1, F(GA) =1, F (3N =0.
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B 1. Cosmological solution for a(t) = A t5 efel , k=0
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B 1. Cosmological solution for a(t) = A t5 efel , k=0

@ The corresponding

, acceleration and the scalar
2 curvature are:
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B 1. Cosmological solution for a(t) = A t5 efel , k=0

@ The corresponding

, acceleration and the scalar
2 curvature are:

Hi(t) = aj %1? + %/\t,
(0= (-2 3+ o) a0
Ri(t) = %tlQ §A+ %Aztz,
@ Friedman equations gives
oy = 2L gy A Caeen), @

where p and p are analogs of the energy density and pressure of the

dark side of the universe, respectively. The corresponding equation of
state is p(t) = w(t) p(t).
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Model H(R) = G(R) = VR — 2A

° (7) implies that w(t) — —1 when { — oo, what cor-
responds to an analog of A dark energy dominance in the standard
cosmological model.
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Model H(R) = G(R) = VR — 2A

° (7) implies that w(t) — —1 when { — oo, what cor-
responds to an analog of A dark energy dominance in the standard
cosmological model.

@ It means that this nonlocal gravity model with cosmological solution
a(t)=A t5 e describes some effects usually attributed to the dark
matter and dark energy.
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Model H(R) = G(R) = VR — 2A

° (7) implies that w(t) — —1 when { — oo, what cor-
responds to an analog of A dark energy dominance in the standard
cosmological model.

@ It means that this nonlocal gravity model with cosmological solution
a(t)=A t5 e describes some effects usually attributed to the dark
matter and dark energy.

@ This solution is invariant under transformation t — —f and singular at
cosmic time t = 0.
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Model H(R) = G(R) = VR — 2A

° (7) implies that w(t) — —1 when { — oo, what cor-
responds to an analog of A dark energy dominance in the standard
cosmological model.

@ |t means that this nonlocal gravity model with cosmological solution
a(t)=A t5 e describes some effects usually attributed to the dark
matter and dark energy.

@ This solution is invariant under transformation t — —f and singular at
cosmic time t = 0.

B Let us recall, the second Friedman equation

é2787rG k A

2—7_ - —
H_a2 Sp a2+35 (8)

where is energy density in the standard model of cosmology.
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Predictions of the model and observational data
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Predictions of the model and observational data
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Predictions of the model and observational data

@ Then we can rewrite the previous equation as,

[ _ & _8G | 81G k A
S F 3l tammz s
at a a2 3
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Predictions of the model and observational data

@ Then we can rewrite the previous equation as,

- 3727871'6 +87rG 7£+A
B A - B
at a3 a2 3

H2  Q  Qm
ng?+§+§+9/\
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Predictions of the model and observational data

@ Then we can rewrite the previous equation as,

- 3727871'6 +87rG 7£+A
B A - B
- at a3 a2 3

H2  Q  Qm
ng?+§+¥+9/\

B Observational data obtained by Planck-2018 for the ACDM model:
fo = (13.801 £ 0.024) x 109yr— age of the universe,
H(f) = (67.40 + 0.50) km/s/Mpc — Hubble parameter,
m = 0.315 + 0.007— matter density parameter,

Qp = 0.685 — A density parameter,
wo = —1.03 £ 0.03- ratio of pressure to energy density.
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Predictions of the model and observational data
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Predictions of the model and observational data

@ From -
) a 21 1
Hit)=2 =24 Ia
1 (1) 2 31 + 7 t,
taking Hi () = H(%) we calculate Ay = 1.05 x 10~*°s2 that differs

from A = 3H?(fH) Qx = 0.98 x 10~**s~2 (by ACDM model).
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Predictions of the model and observational data

@ From :
’ _a_21 1
Hi(t) = 2 31 + 7/\t,

taking Hi () = H(%) we calculate Ay = 1.05 x 10~*°s2 that differs
from A = 3H?(fH) Qx = 0.98 x 10~**s~2 (by ACDM model).
@ We also computed
a(h)/ai(t) =2.7 x 10~ %®s72
R(t) = 4.5 x 107**s72 and consequently
R(t) —2A = 2.4 x 103572,
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Predictions of the model and observational data

@ From, & )

11
LI,
; 770

taking Hi () = H(%) we calculate Ay = 1.05 x 10~*°s2 that differs
from A = 3H?(fH) Qx = 0.98 x 10~**s~2 (by ACDM model).
@ We also computed
a(h)/ai(t) =2.7 x 10~ %®s72
R(t) = 4.5 x 107**s72 and consequently
R(t) —2A = 2.4 x 103572,

@ Replacing solution aj(t) with k = 0, Friedman equations give

pi(t) = g (R = T0) = gom (5177 = TM + 2g M),

A 3.
PD = ggrg (1 = 7ME):
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Predictions of the model and observational data
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Predictions of the model and observational data
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Predictions of the model and observational data

@ For t = f, from previous formula, and from ACDM model we have

5 (1) — 3 9
pi(t) =2.26 x 107 05,

3 A

2 -3 9
p(l‘o):R(Ho—§>:2.68><1O .
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Predictions of the model and observational data

@ For t = f, from previous formula, and from ACDM model we have

5 (1) — 3 9
pi(t) =2.26 x 107 05,

=3 (pp_MN_ ~30 _g_

plty) = st(H" 3) —268x 107 .

@ Then, for vacuum energy density of background solution a;(t) and
ACDM model, we have

_ M —=A o a0 g
p(to) — p1(b) = 81G =pn —pn =042 x10 et
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Predictions of the model and observational data

@ For t = f, from previous formula, and from ACDM model we have

5 (1) — 3 9
pi(t) =2.26 x 107 05,

3 A _
o) = W;(Hg_ 5) =268x107% %.

@ Then, for vacuum energy density of background solution a;(t) and
ACDM model, we have

_ M =N o % g
p(to) = pi(lo) = —g—== = pry — pa = 0.42 107 —=,
o Lo 3H{)2 _ 30 g
@ Critical energy density: pc = 8:GC " 8.51 x 10 prvecs
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Predictions of the model and observational data

@ For t = f, from previous formula, and from ACDM model we have

5 (1) — -3 _9
pi(t) =2.26 x 107 05,

3 A _
o) = SG(HO 3>:2.68><10 30%.

@ Then, for vacuum energy density of background solution a;(t) and
ACDM model, we have

_ M =N o % g
pllo) = p1(to) = —g—m= = pny — pn =042 1072 2,
- . 3H2 30 g
@ Critical energy density: pc = .G = =851 x 10 o

@ and consequently,

Qp = ‘;)A — 0734, Q= %A = 0685, AQy=Q —Qr=0049, (9)
C c

Qg = p1(ho) — 0.266, Qm = p(to) =0.315, AQm = Qm — Qm, = 0.049. (10)
Pec pe
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Predictions of the model and observational data
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Predictions of the model and observational data

@ According to (9) and (10), we obtain that 2, = 26, 6% corresponds to
dark matter and AQ, = AQx = 4.9% is related to visible matter, what is
in a very good agreement with the standard model of cosmology.
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Predictions of the model and observational data

@ According to (9) and (10), we obtain that 2, = 26, 6% corresponds to
dark matter and AQ, = AQx = 4.9% is related to visible matter, what is
in a very good agreement with the standard model of cosmology.

B Efective presure. At the beginning, p1(0) = 5&1@ > 0, then decreases

and equals zero at t = /5% = 4.71 x 10" s = 14,917 x 10%yr.
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Predictions of the model and observational data

@ According to (9) and (10), we obtain that 2, = 26, 6% corresponds to
dark matter and AQ, = AQx = 4.9% is related to visible matter, what is
in a very good agreement with the standard model of cosmology.

B Efective presure. At the beginning, p1(0) = 5&1@ > 0, then decreases

and equals zero at t = /5% = 4.71 x 10" s = 14,917 x 10%yr.

| we have parameter wy(t) = ‘2—((3 which has future behavior
in agreement with standard model of cosmology, i.e. w4 (t — c0) — —1.
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Predictions of the model and observational data

@ According to (9) and (10), we obtain that 2, = 26, 6% corresponds to
dark matter and AQ, = AQx = 4.9% is related to visible matter, what is
in a very good agreement with the standard model of cosmology.

B Efective presure. At the beginning, p1(0) = 56”6 > 0, then decreases

and equals zero at t = /5% = 4.71 x 10" s = 14,917 x 10%yr.

| we have parameter wy(t) = p‘ WhICh has future behavior
in agreement with standard model of cosmology, i.e. wi(t — o0) — —1.
B Note that has minimum at i, = 21.1 x 10%yr and it is

Hi(tmin) = 61.72km/s/Mpc. It also, follows that the Universe
experiences decelerated expansion during matter dominance, that
turns to acceleration at time ty,c = 7.84 x 10°%yr when,a = 0.
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FRW metric — Christoffel symbols
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FRW metric — Christoffel symbols

Non-trivial Christoffel symbols of Friedman— Roberton — Walker metric
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FRW metric — Christoffel symbols

Non-trivial Christoffel symbols of Friedman— Roberton — Walker metric

a > a 3 _ 4@
M == ra, == s = —
01 a 02 a 03 a
aa 1 kr 2 1
rd, = M = M= —
Tk Tk 2y
1
s = =
3=
M =r’aa Mo =r(kr’ —1) M35 = cotf
s =rfaasin®0 Fégzr(kr2—1)sin29 M35 = —sin 0 cosf
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FRW metric—Curvature and Ricci
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FRW metric—Curvature and Ricci

Non-trivial components of curvature tensor
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FRW metric—Curvature and Ricci

Non-trivial components of curvature tensor

aa r? & (& + k)
R == R =l 5\ v
0110 = 72 1221 T
2 . 2 2
oo _r & sin?0 (& + k)
Rozo0 = r° aa Riss1 = T
Ross():fzaé Sin2 0 Fl'2332:7l'432 Sin29(32+k)
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FRW metric—Curvature and Ricci

Non-trivial components of curvature tensor

.. > .
__aa P& (& +k)
R0110 — W R1221 — _W
2 . 2 2
oo _r & sin?0 (& + k)
Rozo0 = r° aa Riss1 = T
Rozzo = I'2 aa Sin2 0 Rozzo = 7/'4 32 sin2 0 (32 -+ k)
Ricci tensor
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FRW metric—Curvature and Ricci

Non-trivial components of curvature tensor

aa r? & (& + k)
R = R - -\ 7
0110 = 37— 12 1221 R
2 . 2 2
oo _r & sin?0 (& + k)
Rozo0 = r° aa Riss1 = T
Ross():fzaé Sin2 0 Fl'2332:7l'432 Sin29(32+k)

Ricci tensor

-& 0 o0 o0
0 u g1 0 0 u_aé+2(é2+k)
0 0 U Qoo 0 a2

0 0 0 U Qgs3
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FRW metric— Einstein tensor
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FRW metric— Einstein tensor

Scalar curvature
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FRW metric— Einstein tensor

Scalar curvature

6(aga+ & +k)

R= e
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FRW metric— Einstein tensor

Scalar curvature

6(aga+ & +k)

R= e

Einstein tensor
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FRW metric— Einstein tensor

Scalar curvature

S
Ao 6(aa+a +k)

aZ
Einstein tensor
Wr g 0 0
J— 3 - 2
G = 0 V g1 0 0 7 V:2aa+2a + k
0 0 —V Qg 0 a
0 0 0 —V Q33
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