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1. Countable system of hyperbolic oscillators and Schrodinger
equation with a "weak" nonlinearity admitting blow up effect.

2. Continuation of the flow across the blow up moment.

3. Invariant measures of Hamiltonian flows on a phase space and
Koopman unitary representation of groups of Hamiltonian flows.



Evolution Shrodinger equation with nonlinearity

d
iau(t) = A(u(t)), t >0,
u(+0) =up € D C H,; A: D—H.

We study the blow up effect of nonlinearity for solutions of Cauchy
problem. This effect means

the singularity formation on finite time interval,

the unbounded increasing of solution in the norm of the phase
space of initial conditions on the boundary of finite time interval.

The above effect for the problem with a "weak"nonlinearity.
iiu(t) = A(u(t)), t>0

dt - ) )

u(+0)=wup e D C H,

where A is Laplace operator, = is the operator of complex
conjugation and D = W7 is the Sobolev space.

The extension of solution across the singularity formation.



Real Hilbert space with the symplectic structure

Let E be a real separable Hilbert space.

Shift-invariant symplectic form w on the space E in
non-degenerated skew-symmetric bilinear form on E.
There is an ONB £ = {ex} in the space E such that
w(ej, en) = 02j—1,n ¥V j €N,

E=P3&Q, P=QR=h.
F ={fi} ={ej-1} ~ONBin P; G = {gj} = {e2j} —ONB in Q.

J is linear operator in E associated with the symplectic form
w(Xay) = (X7 Jy)E

Ig) = —fi, I(h) = g

2=l J=-)



Reification of complex Hilbert space

Let H be a complex Hilbert space.
Bijective mapping R: H — E is called reification of complex
Hilbert space H if
1) There is an ONB H = {hi} in the space H such that
R(uy=p+q, uveH,
o0 o
where p = > film(hj,u) € P and g = ) gjRe(hj,u) € Q.
j=1 j=1
2) llul, = Ipl2 + llqli2.

The inverse mapping C = (R)™!: E — H is called
complexification of real Hilbert space E.

R(iu) = JR(u) VY u € H,
(R(Ul), R(UQ))E + iw(R(ul), R(UQ)) = (Ul, U2)H i ui, up € H.



"Hyperbolic oscillator"

H= 5 AP = a)= D Mk (1)
k=1

Let zo = (po, qo) € E be an initial point of phase trajectory
W.(z) = z(t,z), t € (T, T*). Then z(t,z0) = (q(t, 20), p(t, 20))
where

Pi(t, 20) = po.k ch(Akt) + qok sh(Akt),

qk(t, Zo) = qo,k Ch()\kt) + Po,k Sh()\kt); t e (T*, T*).

Lemma 1. (T, T*) = R iff {\x} = A is bounded sequence.
In this case the phase flow of Hamiltonian system (1)

W.(q, p) = (ch(At)g + sh(At)p,sh(At)g + ch(At)p), t € R, (2)

in the symplectic space (E,w).



The arising of singularities at finite time

Example: A\ = —k2, Go,k =0, pox = ﬁ, k e N.
In this case (T,, T*) = (-1,1), )
Iim K(t) = +oo, Iign 0I'I(t) = —oo, H(p(t),q(t)) = const,
ﬁ. —

Tim (0l = Tim a(®)lq = +oc.

Let A be a selfadjoint operator in the space H with the spectrum
{A\ = —k?, k € N}. Then

H(u) = — 418 Au)y + (o / (0 + (2P

. ~ 1
EMRU):HMP#ﬂZZEEZAkW£_qﬂ‘
k=1
Thus, hyperbolic oscillator in the space E is described by NSE

d
iu=Ad, te (T, T



An extension of the NSE-dynamics

Now we extend from the space E to the locally convex space of
sequences E = RN @ RN 5 E = Q @ P the symplectic form w and
the symplectic flow W.

Locally convex space [E is equipped with the Tikhonov topology,
hence the inclusion E C E is dense and continuous.



An extension of symplectic form

A function Qy: E x E D D(Qy) — R is called pseudosymplectic
form € on the space E if the following conditions hold.

For every z € E there is the linear space D(z) C E such that
Qy(z,-) is a linear functional on the space D(z) satisfying
conditions:

1) if y € D(z) then z € D(y) and Q,(y,z) = —Q,(z,y);

2) if Qj(z,y) =0V y € D(z) then z = 0;

3) if z€ E then D(z) D E and Qy(z,y) =wy(z,y) Vy € E.

For a given z = (g, p) € E let us introduce the set

Dy(z) ={(q".p") € E: {qrp, — qipx} € h}. Then Dy(z) is the
linear subspace of LCS E.

If Qy(z,-): Dy — R by the rule Q(z,2) = Z qkpP) — 9} Pk then

Q, satisfies the condition 1)-3). Pseudosymplectlc form Q is the
continuation of the symplectic form w to the space E.



Extension of the flow W onto the space E

Let A € RN be a sequence of parameters in Hamiltonian (1) of
hyperbolic oscillators. Then the formula (2) defines the flow W in
the symplectic space (E, Q)

W.(p, q) = (ch(At)p + sh(At)q, ch(At)q + sh(At)p), t € R.

This flow is the continuation of the flow in the Euclidean space E
across the blow up points T, and T*.

The flow W in the space (E, Q) preserves the pseudosymplectic
form Q.

Now we construct a measure on the space E which is invariant with
respect to the flow W.



Banach limits, Banach measures

On the real line R there is the unique up to scalar multiplier
shift-invariant countable additive measure (Haar measure).
But there are a lot of finitely-additive shift-invariant measures
(Banach limits).

There is no Lebesgue measure on an infinitely dimensional Banach
space. Since we are interesting in a finitely-additive shift-invariant
measure on an infinitely dimensional phase space then we will
construct such a measure as the infinite product of shift-invariant
finitely-additive measures on a real line.

Let 8 be a Banach limit on the space Lo (R), i.e. § € L} (R) such
that it is nonnegative shift-invariant and 8(1) = 1.

If the function v is defined on the o-algebra L(R) of Lebesgue
measurable subsets by the equality v3(A) = B(xa) then vg is Borel
finitely-additive nonnegative shift-invariant measure on real line.



Banach measure of hyperbolic rectangles

Definition 2. A set 1 C E is called measurable hyperbolic
rectangle in the space E if

N={(q,p) €E:

(ai, pi) = (rich i, rish i), (ri,¢i) € A x Bi, i € N}, (3)
where A; x B; C Ry x R, A;, B; are Borel sets of real line.
Let /C5(IE) be the set of measurable hyperbolic rectangles.
Let the function Az : K3(E) — [0, +00) be defined by the equality

As(M) = HAM(AJ- x B;), N € Kz(E), (4)

=1

where )\2”3(/4',' X Bj) = Vﬂ(Bj) f rdr.

A;



Banach invariant measure of hyperbolic oscillator

Lemma 3. The function of a set A\g : Kg(E) — [0, +00) is
additive and invariant with respect to the flow of the hyperbolic
oscillators (2).

Let rg be a ring generated by the collection of sets IC5(EE).

Theorem 4. Additive function of a set g : K3(E) — [0,4+00) has
the unique additive extension on the ring rg. The completion of the
measure \g : rzg — [0,+00) is the complete measure

Ag: Rg — [0,400), which is invariant with respect to the
Hamiltonian flow of the system of hyperbolic oscillators (2).

Let /Hg = Lz(E, RB’ )\5, (C)
In this space we obtain the unitary representation of Hamiltonian
flow.



Koopman group of a hyperbolic oscillator

Let {\¢} =A € RYN. Then
W.(q, p) = (ch(At)g + sh(At)p,sh(At)g + ch(At)p), t € R.

Action-angle coordinates qx = ri ch g, px = reshpy, k € N.
W : RI_\J_ xRN 5 E:g=rchy, p=rshy

The flow of Hamiltonian system (1) in the action-angle terms:
We(r,0)=(r,p+At),teR, (r,p) eRY xRV,  (5)

Koopman representation of Hamiltonian flow in the space Hg.

Ug 0(r, ) = a(We(r,p)), 0 € Hg t €R.

Lemma 5. The Koopman group Uy of system of hyperbolic
oscillators is the unitary group in the space Hg which is strongly
continuous iff {\} is finite sequence.



Continuity of Koopman group and properties of its generator

Theorem 6. The Koopman group Uy has the invariant subspace
Hw C Hg such that the group Uy, is strongly continuous in the
space Hy. The generator Hy of the strongly continuous group
Uw|w, has the continuous set of eigenvalues

Amp,omy = MAL+ ...+ myAy, NeN, my,...,my € R. Every
eigenvalue A\, ..m, has the proper eigen subspace

o0

Ker(Hy — Amy.mpyl) = Hi = span(H Vi, (ri)eimeex),  (6)
k=1

where m € (N — R)o, {v;} is an ONB in the space L, ([0, 4+00)),
and {jk}: N—N.

The Hilbert space ®H 7 is the invariant subspace of strong
continuity for the Koopman group Uy.
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